THE 


PHYSICAL SOCIETY 


LONDON, 


- PROCEEDINGS. 


VOLUME XXIX.—PART Il. 


FEBRUARY 16, 1917. 


Price to Non- Fellows, 4s, net, post free 4/3. 


~ Annual Subscription, 20/- post free, payable in-advance. 


Published Bi-Monthly from December to August. 


ee © LONDON: 
Be THE ELECTRICIAN » PRINTING & PUBLISHING CO., LTD., 
Boe ae - ], 2. anpb ea, Satispury Court, PLerr STREET, 


1917 


THE PHYSICAL SOCIETY OF LONDON. 


1917=18.. 


OFFICERS AND COUNCIL. . 


President. 
PROF, ©.) VERNON BOYS, F.RB.5. 


Vice-Presidents. 
WuHo HAVE FILLED THE OFFICE OF PRESIDENT. 
PROF. G. C. FOSTER, D.Sce:, LL.D., FR.S. 
PROF. R. B. CLIFTON, M.A., F.B.S. Z 
PROF. A. W. REINOLD, C.B., M.A., F.R.S. 
SIR W. pz W. ABNEY, R.E., K.C.B., D.C.L., F.R.S. 
PRIN. SIR OLIVER J. LODGE, D.Sc., Ups F.R.S. 
R. T. GLAZEBROOK, C.B., D.Sco., EBS. 
PROF. J. PERRY, D.Sc, F-.R.S. 
C. CHREBR, Sc.D., LL.D., F-R.S. 
PROF. H. L. CALLENDAR, M.A. 4LL.D., FE.B.S. 
PROF, A. SCHUSTER, Pu.D., So.D., F.R:S. 
SIR J. J. THOMSON, O.M., D.Sc:, ERS. 


WVice-Presidents. 
W. BR. COOPER, M.A., B.Se- 
SIR NAPIER SHAW,-F-.R.S. 
S..W. J.. SMITH, M,A., D.Sc., F.R.S. 
W. E. SUMPNER, D.Sc. 


Secretaries. 
PROF. W. ECCLES, D.8c., 
Finsbury Technical College, Leonard Street, B.C. 


R. 8. WILLOWS, M.A., D.Se., 
Cass Technical Institute, Jewry Street, Aldgate, E.C. 


Foreign Secretary. 
R. T. GLAZEBROOK, C.B., D.Sc., F.RS. 


Treasurer. 


W. DUDDELL, PRS. 
56, Victoria Street, S.W. 


Librarian. 
8. W. J. SMITH, M.A., D.Sc., F.B.S. 
Imperial College of Science and Technology. 


Other Members of Council. 
H, §.. ALLEN, M.A., D.Sc. 
PROF. AH. BARTON, D.Sc, E.R.S. 
PROF, G. W. O. HOWE, D.So. 
PROF. J. W. NICHOLSON, M.A., D.So. 
Cc. C. PATERSON. 
C. E. 8. PHILLIPS, E.R SE. 
PROF. O..W. RICHARDSON, M.A., D.So., E.B.S. 
8. RUSS; M.A., D.So. 
T. SMITH, B.A. 
F. J. W. WHIPPLE, M.A. 


THE STRUCTURE OF MERCURY LINES. 9] 


VI. On the Regularity in the Distribution of the Satellites 
of Spectrum Lines. By Pror. H. Nagaoka, Imperial 
Unwersity, Tokyo. 

Received SepremBer 4, 1916. 


§ 1. The nature of the satellites of spectrum lines is not yet 
thoroughly known, nor are the positions with respect to the 
principal well determined, except for a few lines of a small 
number of elements. I have no doubt that there exists 
regularity in the distribution of the satellites, in their order 
of intensity, and in their behaviour when acted upon by strong 
electric and magnetic forces. The usual view as regards the 
satellites is to consider them as belonging to the principal line, 
which is the strongest among an assemblage of lines of various 
strengths clustered together within a narrow compass about 
the principal. It is still an open question whether such 
grouping of ‘lines is swayed by the principal, or they have 
independent existence apart from the principal. There is as 
yet no observation of the effect of an electric field on the 
satellites, and on account of the difficulty of measurement and 
of the complexity of the separation the Zeeman effect is known 
only for a limited number ot satellites. Experiments on the 
effect of the magnetic field on the satellites of mercury lines 
show that some of them are controlled by the principal or 
strong satellites in the neighbourhood, but there exist satellites ; 
which seem to lead an independent existence, the mode of 
magnetic separation being little affected by the principal. It 
may, therefore, be improper to call them satellites, while some 
of them are strongly influenced and bear the character of the 
name assigned to them. 

§ 2. In a former communication to the Society,* we have 
noticed that the satellites of mercury lines are apparently 
distributed with some regularity and that there is gradation 
in intensity. Although no definite result could then be ob- 
tained, it was probable that the minute structure of the prin- 
cipal lines was not yet known, as most ot the discrepancies 
among different observations were to be traced to the inaccur- 
acy in the determination of the exact position of the principal 
lines. As suggested by Stansfield, the position of the satellites 
referred to one of the distinct components gave tolerably good 
concordance in the results of different observers with various 


* Nagaoka and Takamine, “ Proc.’’ Phy. Soc., 25, p. 1, 1912. 
VOL. XXIX. I 
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instruments, and it seemed quite likely that further study of 
the principal line would reveal the regularity in the distribution 
of the satellites, if such really exists. 

§ 3. For this purpose, it is necessary to use instruments with 
high resolving power, in order that a strong line with rather 
vague boundaries may be separated into its components. A 
concave grating is generally inefficient, the echelon grating 
and Lummer-Gebreke plate have definite resolving power for 
a given wave-length, so that we can not bring different powers 
to bear upon the lines to be analysed. The inconvenience is 
especially felt when the interval between successive spectra is 
so narrow that the lines are superposed and cause great con- 
fusion in discriminating them. The disadvantage arising from 
the definiteness of the resolving power can in no wise be 
remedied, so that it is generally expedient to resort to those 
interferometers in which the thickness of the air space con- 
tributing to interference can be easily changed, so as to suit 
the purpose of the experiment. The interferometers of 
Michelson and of Fabry-Perot belong to this type of instru- 
ments, as the air interspace is adjustable within wide limits. 
A simple device for changing the resolving power is a prime 
factor that makes the instrument indispensable in researches 
relating to the minute structure of a spectrum line, especially 
when it consists of a cluster of lines within narrow limits. The 

- easiest way of arriving at a desired resolving power would be to 
increase the air interspace between the plates in a Fabry-Perot 
interferometer, the thickness being, of course, within the limit 
of interference for the line to beexamined. The exact value of 
the resolving power cannot, however, be given, as it depends on 
the number of reflections from the semi-transparent silver 
‘films. One serious objection to a thick interspace is the 
crowding of the lines, as different interference fringes are 
intermixed with each other, and hence arises the trouble of 
discriminating the different lines, especially when there are 
numerous satellites. In fact, the appearance of interference 
rings 1s extremely vague, when the interspace is several centi- 
metres thick, that it is almost impossible to tell even the 
position of the strong satellites. This difficulty can, however, 
be to a great extent overcome by the use of interference points, 
obtained by crossing it with another instrument, which may 
have either fixed or adjustable resolving power. The ad- 
vantage* gained by crossing is especially great, when there is 


* Nagaoka and Takamine, ‘ Phil. Mag.,” 27, p. 126, 1914. 
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ambiguity in the position of the satellites as observed with a 
single instrument ; for it can easily be settled by examining the 
crossed spectra. With an adjustable interferometer, we can 
change the air interspace, such that the satellites to be analysed 
are brought distinctly under observation, without being inter- 
mixed with other components. 1 have tried the combinations 
oi F.P. interferometer with echelon grating, L.G. plate, wedge 
plate, and another F.P. interierometer of the fixed type; the 
last method of crossing was found to have a disadvantage of 
losing too much light in passing through four semi-transparent 
silver films, so that most of the measurements were made with 
the two other combinations. In addition to this, I have found 
that the combination of echelon grating or L.G. plate with a 
wedge plate forms an excellent pair for work with fixed re- 
solving power. 

§ 4. Prelimimary study of the minute structure of mercury 
lines ‘was made in conjunction with Mr. Takamine,* and 
published in connection with the Zeeman effect of the mercury 
line 24,359; but subsequent experiments showed that there 
were many points still to be improved in the method of inyes- 
tigation, especially in increasing the order of interference, for 
making the fine structure of the principal line easily visible 
on the photograms. 

§ 5. It was first shown by Janickit that the principal line of 
the green line of mercury is multiple, by combining wedge and 
L.G. plates, which had a resolving power of 680,000 for the said 
line. Although Janicki denies the multiple character of other 
lines of mercury, it seemed quite likely that fine structure of the 
principal lines could not be placed under a strict experimental 
test, inasmuch as the resolving power of his instrument was 
fixed. With sliding F.P. interferometer, the resolving power 
can be raised to several times the above value, and the structure 
more accurately analysed. ~ 

§ 6. In the present experiment, the air interspace was much 
greater than in the former and generally ranged between 6 cm. 
and 12cm.; with the thickness of 7 cm. or 8cm., the com- 
posite character of the principal of the green line was distinctly 
visible, but owing to the overlapping of: different spectra, it 
was necessary to cross it witha L:G. plate whose d/,x,=0-1066 
A.U.; the resolving power thus utilised may be estimated at 
2-3 10° for 8 em. air space, assuming the number of reflections 


* Nagaoka and Takamine, ‘“ Phil. Mag.,” 29, p. 241, 1915. 
+ Janicki, ‘‘ Ann. d. Phys.,”’ 33, p. 438, 1912. ae 


94 PROF. NAGAOKA ON 


on the front face to be 8. The spectra were drawn out moie 
than with the echelon grating ; but, owing to tlie crowding of 
interference points resulting from numerous satellites, it was 
somewhat ditficult to discriminate them; from our previous 
knowledge of the position of the satellites, we can, however, 
avoid their coincidence with the principal line, by calculating 
the value of the air interspace suitable for the experiment. 
In addition to this, the intensity of the principal line was iar 
greater than that oi the satellites, so that there was no trouble 
in following the curves of interference arising from the com- 
ponents of the principal line. 

§7. The mercury lamp was of the Arons-Lummer ty pe, 
water-cooled, and run with a current of 2-5 to 3 amperes at 100 
volts ; in the circuit was included a big electromagnet having 
sufficient inductance to maintain the current steadily. Great 
care was taken to keep the temperature of the air interspace 
constant ; the resistance and other parts, which are liable to 
be heated, were kept outside the room. The interferometer 
was enclosed in a wooden box, leaving only a passage for light 
and photographic apparatus. Wratten-Wainright panchrom- 
atic plates were generally used for the green and yellow lines, 
and process plates for the violet lines. he interference points 
were measured by means of a micrometer made by Repsold, 
or with a dividing. engine constructed by Société Genévoise, 
having attached microscopes and an arrangement for elim- 
inating screw error. 

§ 8. It will be necessary to give a short explanation of the 
locus of interference points obtained by the combination of 
interferometers above mentioned. For the F.P. instrument, 
the order of interference P for light of wave-length 2 gubtend- 
ing a ring of small angle 26 is 


2, 2e j2 
joe ecos 0 (ee 


A % 2 


e denoting the thickness of the air interspace. Referred to 
rectangular co-ordinates x and y through the centre of the ring 
in the focal plane of the observing telescope, and supposing 
that the wave-length 2 is diflerent by a small amount 6/ from 
Ay» we get ; 
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Since P is nearly equal to P, and very large, 


wy? OP oa 


ad SET ig 


where dP=P,—P. 

The order / for L.G. plate is given by 

2ty/ (uw? —sin??) 
== ——— i — ) 
where ¢ is the thickness, « the index of refraction for light of 
wave-length /, and 7 the angle of exit. As observations are 
generally made near grazingexit, we can put 

1=90° —a4 
where ais small. Thus, 
h?7?=t? {4(u?—1)+2a"}, 
Putting A=A,+0/, where 2, is the wave-length of the reference 
line, and 6A is the difference in wave-length of the satellites 
from it, we get 
2h?) A= {1t?(u? —1) —h?2?} 42002, 
the quantity within the parenthesis being constant. 

§ 9. On combining the plate with I’.P. interferometer, the 
centre of the ring does not always coincide with the direction 
of grazing incidence; we have, therefore, to put a=a+2 ; 
consequently 271,61 =2h,?2,0A-+2t?(a-+c)* nearly. 

Equating 6/ in these two equations for F.P. and J.C. inter- 


h 


f ‘ 4t? 1 
ferometers, and using the relation -;,,;=-,;—, we get the 
Lee pr 
equation 
(ata)? A OP oh 
2 pea beta 
= Teg t4 (p i) 


which is evidently an equation to an ellipse. Thus the inter- 
ference points to be obtained by the said combination lie on 
ellipses with the centre on the z-axis. If we now adjust the 
position of the plate, such that the ray at grazing exit passes 
through the centre of the rings, a=0, and the equation reduces 


2u?—1 jP 6h 
2d aze( 9 | 
i Xu2—1)- OY eat Be ee 


The major axis of the ellipse is evidently on the y-axis, and 
the excentricity=1/,/(2u?—1). Inthe present experiment for 
75,461, the eccentricity amounts to | /i-994 and the ratio of the 
axes 1-156, being nearly=\/4/3. Forthe same value of dP, the 
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axes of the ellipse become smaller as the air interspace 1s in- 
creased, so that the ellipses for successive orders of P become 
denser, till they are obliterated by coming into contact, as the . 
limit of interference is reached. With the green and the violet 
line of mercury, the interference is still visible for é==12' em; 
corresponding to the values of P==440,000 and 550,000 respec- 
tively. From the measurements of the breadth of interfer- 
ence points, | found the order at the limit of interference to be 
750,000 and 810,000 respectively, nearly coinciding with the 
malas found by Fabry and Perot by another method. 

§ 10. For a given wave-length, the value of h in the L.G. plate 
is fixed, as the angular interval of the successive spectra cannot 
be changed. With F.P. interferometer, this is nevertheless the 
case. With increased air space, the interval for the same value 
of P decreases, as the angular difference for successive spectra 


Re oy ey: 
is given by the relation A@= oe Pp Consequently 
6P oh ; 
the value of Rae becomes smaller as the interspace is 
0 


widened. - As the axes of the ellipse on which the interference 
points for the same orders oi P and h lie are determined by the 
above term, the curve for the same difference of P and h occu- 
pies a smaller space as the resolving power of the interferometer 
is increased. The experiments in this direction indicate that 
the disadvantage thus caused is of little consequence, pro- 
vided the temperature of the interspace does not vary duriug 
observation or photographing. 

§ 11. Another important question in connection with the 
present combination is the variation of z and 5" co-ordinates, 
as we pass from one interference spectrum to that succeeding 
it. For simplicity’s sake, I shall make the supposition that 
the ray at grazing incidence passes through the centre of the 
rings, 7.€.,a=0. Keeping A constant, 


(2) 


h?=h, ees 2 


ee 
for L.G. plate and fetes eS —< (a2 +4?) 


for F.P. interferometer. For finite differences of h and P, we 
get approximately ; 

PhAh=2?a Ax 
and 2AP=—2e(nAx+yAy). 
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In these combinations, let us pass from’ P to P+-AP by 
keeping h constant, then 
Az=0 


and ee pe et 

2ey Poy 
giving the change in y. Next vary h and keep P constant ; 
thea x and y are to be found from the above two equations by 


putting AP=0; evidently 


AP, 


_ 2h, 2e=1) Ak 

28a x h 
STG Al? —1) Ah 
Ghee a aa 3 


approximately. 

These simple relations will help us to understand how the 
curves of interference points are crowded, as we pass outwards 
from the centre of the rings, showing that the variations of the 
co-ordinates for successive spectra are inversely proportional 
to them. 

‘§ 12. From the above discussion, it will be seen that for cal- 
culating the difference in wave-length of interference points 
referred to the L..G. plate, there is great inconvenience in the 
gradual decrease in the intervals between the successive spectra 
as the order h increases from that at grazing exit. Interpola- 
tion by simple proportional parts is inadmissible, so that we 
have to take the second diflerential into account. This is a 
rather tedious process, so that for interpolation, the graphical 
method is perhaps the easiest and the least liable to error. 
This process was followed in evaluating the readings of the 
micrometer. 

§ 13. Figs. 1 (4, B, c) show the photograms of the line 
45,461 obtained by the above-mentioned combination for three 
values of e. The principal line is evidently a triplet with a 
strong satellite on the positive and negative sides. ‘These 
points are connected by deep shades, as the resolving power of 
the plate is not sufficiently high ; it is on account of the high 
resolution of the F.P. interferometer that these points appear 
distinctly. Several photographs for different values of the 
air space were taken, all leading to the same conclusion ; their 
distances are as folows :— 4 

—19-9 —84 0 +8-2 4184. m.A.U.; 
the remaining points are due to satellites, of which the outer- 
most one —237 is conspicuous, and may be used as a reference 


oo —_— he 


98 PROF. NAGAOKA ON 

line for comparing the results of difierent observers, as sug- 
gested by Stansfield. For finding the position of other satel- 
lites the air space of about | cm. is preferable to that above 
mentioned. The following table will show how the results can 
be reconciled with each other, if the lines be referred to the said 
satellite, and not to the principal line whose position is very 
vague in ordinary experiment, owing to its multiple character. 
The last column gives the difference in wave-number per centi- 
metre referred to the principal line :—- 


Von Baeyer. | Nagaoka & Takamine. Janicki. Nagaoka. 

| L.G.-+1L.G. Echel. + L.G. L.G. + Wedge} F.P. +L.G. dv. 

| 0 0 0 0 0 +0-793 
136 133 134 134 135 +0:341 
169 166 | 168 168 167 +0:234 
188 191 188 188 190 +0-157 
213 | 220 216 - 214 216-9 +0-066 
208 Be oe 227 228-4 +0-027 
237 ? 2427? | 246? 236 236-8 0 
a hes: ee 245 245-0 | —0-029 

| soe | Sos | fee 254 255-2 —0-062 

‘| 319 | 318 | 320 320 322 —0-285 

| 362 364 | ~365 364. 365 —0-431 

| 448 | 450 452 450 - 451 —0-717 


The above results were all obtained by crossing the two 
instruments mentioned under the names of the observers ; the 
comparison shows that the position of the satellites and their 
number are now well settled for the green line.* The mutual 
agreement of these numbers affords the proof of the accuracy 
of the method of crossed spectra. By crossing the echelon 
grating with L.G. interferometer and utilising the method of 
coincidences} between the interference points of these satellites, 
we have measured the distance between the satellites 0 and 365 
accurate to tour figures and found it to be 365-0. Relying 
on the echelon spectrum only, which in the present case was 
better defined than in the former experiments, I have, after 
repeated micrometric measurements, found it to be 365-0, which 
exactly coincides with the number obtained by a more accurate 
but complicated process. It further lends weight to the re- 
liability of echelon spectroscope in analysing the structure of 
spectrum lines, although the apparatus is more complex and 
susceptible to changes in the instrumental constants than 


* See Note added to the present Paper (p. 114). 
+ Nagaoka and Takamine, “‘ Phil. Mag., 27, p. 123, 1914, 
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a L.G. plate, as is evident from the frequent appearance of 
ghosts in the spectra produced by it. j 

$14. In our former communication, no attempt was made to 
arrange the satellites according to the difference in wave- 
number. If they are arranged according to the numbers of the 
last column in the Table ( p. 98), we find that there is a remark- 
able symmetry in the distribution of the satellites in different 
lines, In Fig. 2, the first row represents the general aspect of 
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Fig. 2. 


the green line, with the intensity taken proportional to the 
length of the line. Arranging theni in groups as indicated in 
the following four rows, we find a remarkable symmetry in the 
distribution of the satellites. 

The principal line forms a triplet with —0-062 and +-0-066 
as components; the satellite —0-029 then forms another 
triplet with the components —0-263 and +-0-256 referred to it, 
being nearly four times the distance between the components 
of the principal triplet; then -++0-027 forms another triplet 
having the components —0-744 and -++0-768 referred to it, the 
interval being about three times that in the second triplet and 12 
times that inthe first triplet. The remaining satellites —0°451, 
+0-157 and -++0-341 have apparently no regularity. Further, 
the components of the triplet have symmetry in the intensity 
of lines in the first and second groups, but in the third this is 
no longer the case. The wave-number in the last row is ina 
singular ratio. The difference in the wave-number intervals 
counted from the principal of the first positive and negative 
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component 0-274, and the difference between the first and 
the second positive components =0-184; these numbers are 
in the ratio 3:2. 

In addition to this, we find that the interval between the 
satellites . 

—0-717 and +-0-341=1-058 
—0-285 and +-0-793=1-078. 

The mean of these two numbers = 1-068. It will be afterwards 
shown that for several mercury lines, the difference in wave- 
numbers of satellites is constant and about equal to the above 
number, so that this is not characteristic of the green line only. 

§ 15. The complexity of the violet line / 4,359 is well known, 
but the multiple structure of the principal line was not yet 
studied. The arrangement being the same as before, the 
crossed echelon spectrum obtained by short exposure showed 
at once that the principal line is,complex, but the components 
are so close together, that 10m.A.U. were difficult to separate. 
Crossing the plate with the F.P. interferometer, the complex 
structure was made out as shown in Figs. 3 (a, B). Theinter- 
ference points are arranged in a manner similar to those in the 
green line, the principal forming a triplet, of which the middle 
component is rather weak compared with the side components, 
each of them being associated with a strong satellite. Perhaps 
the middle of the triplet, though weak, can be taken as the 
principal line. The lines of the group are distant by the 
following amount :— ae 

—17-9 —5:8 0 15-7 +16:2 m.A.U, 

For determining the position of other satellites, I have used 
crossed echelon spectra. The table given on next page gives 
the comparison referred to the strong outermost satellite which 
is easily oriented. The difference of wave-numbers in the last 
column are not calculated from what appeared to be the 
principal line, but the initial point is laid at the middle of 
two strong lines 157-7 and 163-4, so that they form a strong 
doublet. 

§ 16. In our former experiments with an echelon grating and 
a L.G. plate, the exposure was limited to 20 or at most 30 
minutes, but in the present experiment with an echelon and 
¥.P. instrument, the satellites already found were distinctly 
visible with exposure of 20 minutes; when it was prolonged 
to 40 minutes, additional lines appeared, which evidently were 
not to be identified with ghosts; by exposure for two hours, 
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Von Baeyer. Nagaoka and Takamine. Nagaoka, 

L.G.+L.G. Echel. + L.G. L.G.-+ or Echel.+F.P. 

—78 +1-254 

<a ae neg —57 +1-082 

0 0 0 0 +0-844 

52 53 53 53 +0-566 

66 67 66 65 +0-502 

114 116 115 114 +0-245 

142 142 140 139-3 | +0-110 

oe oni Rs 151-9 +0-047 

159 ? rye Olen? 163 ? 157-7 +0-015 

Ste oh ee 163-4 —0-015 

178 181 180 179-6 =| —0-099 

187° 193 189 1¢0 | . —0-154 
203 206 206 207 i= taa(adado nr | 
273 267 268 268 | 0-566 | 
che ae ae 318 —0-834 
344 344 345 343 —0-956 

“Se Fe ap 383 —1-176 

| 398 —1-25 


the group about the principal was completely darkened, but 
new lines became distinctly visible. Trying similar experi- 
ment with L.G. plate and echelon, I noticed traces of faint lines 
apparently near the strong lines of the principal group, and 
though much obscured by them, the course of the interierence 
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points indicated that the faint dots belong to echelon spectra 
different from the principal. The photograms are shown in 
Figs. 4 (aA, B, ©, D, BE). These satellites are nearly coin- 
cident with those found by Wood with a 6 in. concave grating. 
Although the identification is not pertect, the difference is 
probably to be ascribed to the error of observation. These are 
—78, —57, +318, 4-383 in the above Table. 

§ 17. Plotting the differences of wave-number (Fig. 5), we 
get two rows of which the upper one shows remarkable symme- 
try. The intensity of —0-099 is somewhat less than that of 
--0-110, and for these lines the symmetry is not so exact as for 
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other satellites in. the same row. The components near the 
initial. point, 7.¢., —0-244, —0-099, —0-015 and -+0-015, 
+0-110, +0-245, evidently form a sextet, and the outer com- 
ponents —1-251, —0- 834, —0-564 and -+0-566, -+0-844, 
+-1-254 another sextet, which is more symmetrical than the 
inner. The wave-number interval of the outer sextet of 1 4,359 
: so related that the mean interval of the inner components 
274 is to the mean of the outer 0-414 in the ratio 2:3. This 
ee is indeed remarkable and will no doubt have some 
intimate connection with the atomic structure. It must not, 
however, be forgotten that the principal line, which is evidently 
represented by the triplet —0-015, +0-015 and -++0-C47 is split 
into a sextet in magnetic fields, so that the structure here 
exhibited may have an important relation tc the Zeeman effect 
of the lines. It is also to be noted that the strong satellites 
—0-699 and +-0-110 show the same mode of separation. 

§ 18. The lines in the second row have apparently no symme- 
try, but some of them show striking coincidences in the fre- 
quency difference with components of both rows. As to the 
row of satellites having no apparent symmetry, we can detect 
the same regularity as for the green line. The difference in 
absolute wave-number for the first positive and the second 
negative components —0-909, and the same quantity between 
the first two positive components =0-455 ; these numbers are 
in the ratio 2:1. Further the interval between the principal 
—0-015 and the second negative component of the same row 

=1-161, which is nearly double the difference in wave-number 
of the second and third positive satellites =0-580. 

The wave-number interval between 

—1-176 and —0-099=1-077 
--0-956 ,, -+0-110—1-066 
—0-834 ,, +0-245=1-079 
—0:564 ,, +0-502=—1-066 
—0-244 ,, +0-844=—1-088 
+0:015 ,, +1-082=1-067 


Meaneeee > se =1-074 


A similar interval in 15,461 (§ 14) has a mean interval 1-068,. 
which is almost equal to the number found for 44,359. More- 
over, the interval between 

—1-251 and —0-244—1-607 
+0-245 ,, +1-254=—1-009 


Mean vanes. = 1-008 
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The difference between these two numbers =0-066, which is 
the interval between +-0-566 and +-0-502, and also corresponds 
to the interval in the triplet found in the green line. These 
numerical coincidences are apparently not a mere chance, as 
will be further shown ‘or the line 4 4,047. 

§ 19. Experiments similar to those on the lines 2 5,461 and 
24,359 were made on the violet line 14,047. The optical con- 
stants of the L.G. plate were such that several satellites came 
on the same line with the principal, so that even with crossed 
spectra, the structure was not distinctly observed as with the 
lines above described. Crossed echelon and F.P. interfero- 
meter spectra were more definite, and gave points, which 
showed that the principal line is a triplet accompanied by a 
satellite. The wave-number diffcrences counted from the 
principal are as follows :— 

—0-715, —0°362, —0-025, 0, +0-024, --0-075, +-0-290, 

+0-375, +10. 708. 

It is tee difficult to estimate the resolving power used in 

the experiment, as the reflection is much enfeebled for such 
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short waves and the absorption in the echelon is much in- 
creased, but at the distance of 6cm. or 7 cm. it will be over 
1-5 16°, which is no doubt sufficient to effect the above reso- 
lution. Plotting the above number in Fig. 6 we find that 
there is a triplet at the middle, and two lines on both sides are 
symmetrically situated about the principal. There are two 
other lines which are evidently not included in the same group. 
With this line, the interval in wave-numbers between 

—0-715 and +0-375=1-090 

—0-362 and +0-708=1-070 


Wears Ren 40s = 1-080 


| The occurrence of this number in 45,461 and 14,359 was 
already noticed ; moreover, the ratio between the mean com- 
ponents 0-368 and 0-712 to 1-080 is as 1:3 and 2:3 respectively. 
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§ 20. The sumilaeaa in the distribution of the satellites and 
the occurrence of the same wave-number intervals may be 
attributable to the character of the second subordinate series. 
to which the three lines here mentioned belong. Arranging 
the wave-number intervals in another manner, we find that 
there are many numbers which are common to two of them or 
to all the three lines. As to the initial position, we shall take 
-+-0-793 for 15,461, -+0-844 for 14,359; and +-0-708 for 24,047. 
Tabulating the lines we find the following coincidences indi- 
cated by dots :—- 


5,461 4,359 4,047 
| +410 
+238 
(Dosagnddndhdanncobdsncoode=Son8 O)Saeaqoadst daeontoden Sacea cae: 0 
—278 
BSAA re clorscleweiie sale stein deisaite —333 
—452 —418 
—559 
—599 
(8 ti pe aceacne sbéCodoH0GJ0bcus cOdpedyasdebocONtanAancton noc . —633 
— 684 
—708 
PH TQ2T oe wrosae stn secte ines ee F==( Phe onopoanuEndbstosoaagact —733 
—766 
=O eb aeesssn sens dcesctinctrs —797 
eo 1 BHR ASCEND TOE AOUSEOOOLL —828 
== BOD seus seis tesecesesweeen —859 
—943 
ALOT Bi asatocncrascores = LOSS “cree ractosssnsees — 1,070 
—1 224 
LAOS ones sremeineteeiase — 1,423 
—1,510 
—1,678 
—1.800 
—2,020 
—2,095 


These numbers are expressed in units 1,000 times smaller 
than those already used. The table shows that the three 
lines are not independent of each other, and the satellites are 
not arbitrarily distributed. Itis a question why such coinci- 
dences are not found with reference to the principal lines. 

Owing to the symmetry in the distribution of the satellites 
in 24 339, the coincidence above stated can be found in the 
same manner by taking the initial point at — 1,678 in the above 
schedule. Most of the numbers are reproduced, so that by 
proceeding backwards, we meet with most of the numbers 

tound for 45,461 and / 4,047 already given. 
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§ 21. Turning our attention to the lines of the other series, 
we see that in the mercury line 4 5,769 (Fig. 7) there is a triplet 
about the principal with the wave-number difference —0-139 
and +0-147. It is also the case with the line 4,078 (Fig. 8), 
in which the difference amounts to —0-283 and -+-0-285; this 
interval is nearly double that between the outér components 
in the triplet of 45,769. We notice that the interval between 
the two outer negative components of 24,078 is 0-146, which is 
equal to the distance of the first positive component from the 
principal in 25,769. Moreover, the second positive component 
ot the line is distant from the principal by 0-360, which is 
nearly double the distance of the principal line 2 4,078 from 
the first negative component. 


= 
Ps 
| Hg. 5769 | 


Fig. 8. 


Further, we notice that the intervals between the three lines 
—0-137, +0-147 and +-0-360 in 4 5,769 being 0-284 and 0-213 
are in the ratio 4:3. Obviously the components of / 4,078, 
— 0-183, 0, +0-285, +-0-466 (=0-285 +0-181) form a quartet. 
Further experiments on the principal line of 4,078 showed that 
it consists of three other satellites on the side of lower fre- 
quency, at a constant interval of about 0-039, but as these com- 
ponents were difficult to observe with the L.G. plate and F.P. 
interferometer combination, the position is not indicated in 
the figure. The structure of the principal line 45,769 was 
difficult to analyse on account of the low sensitivity of photo- 
graphic plate ; “some photograms showed that it is a close 
triplet. eee eae 

§ 22. The structure of the mercury lines 13,663, 3,055, 3,650 
belonging to the first subordinate series is shown in Fig. 9, and 
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is taken from the ielistnenenes of Mr. Takamine.* Here we 
notice the same constant difference in the wave-number. 


For 3,663, interval between —9-678 and +-0-395=1-073 


This interval was already noticed in connection with the 


2) 


3,655 A, 4c —0-546 ,, -+0:518=1-064 
il 0-374 ,, 40-719 1-086 
Mean =1-074 


lines be'onging to the second subordinate series, and seems to 
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be characteristic of most mercury lines. In the above-men- 
tioned lines there is another interval which is common 1 to 
them ; the difference in wave number 


For 8,663, between —0-678 and 0=0-678 


ve WRN CR exe AES 0=0-718 
eo 0D Dien . —0:172,, +0-518—0-690 
Pe ODO. +0-518 ,, +1-222—0-704 
ES .O00n as 0,, +0-712—0-712 

Mean =0-700 


The ratio of this number to another constant 1-07 is about 


DS. 


We meet with a similar number in 4 4,047, in which the 


* Takamine, “ Proe.,” Tokyo Math. Phys. Soc., 8, p. 309, 1915. 
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outermost components have the mean value 0-711 which 
stands to 1-07 in the ratio 2:3 more accurately than for the 
three lines just discussed. 

Itis worth noticing that the intervals given by ee ms and 


- : 
n=, where c=0-71 and 1, m, n are whole numbers, are found 


scattered among the satellites of the eight mercury lines above 
mentioned, for 1=1 to 4, m= 1 to 7, and n= 1 to 7. 

The second positive satellite of the line 3,663 is nearly three 
times as distant from the principal as from the first, and the 
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negative satellite is five times the same amount. The first 
positive satellite of the line 3,655 is distant from the principal 
by three times as much as the first negative, and the second 
negative satellite appears as the difference between the first 
and the third satellite, thus forming a quartet. The difference 
between the first and the second satellite on the positive side 
is 0-704 and is nearly equal to the distance of the first positive 
satellite in 3,650. The components —0-172, +0-518, +1-222 
form a triplet. 

§ 23. According to the investigation of Mr. Takamine,* 
the structure of the cadmium line is simpler, and the regu- 
larity more apparent. The lines / 5,086, 24,800, 24,678 
belong to a triplet series, corresponding to the mercury lines. 
first discussed. These lines have satellites as shown in the 
difference of wave-number in Fig. 10, 


* Takamine, “ Proc.’ Tokyo Math. Phys. Soc., 8, p. 51, 1915. 
VOL. XXIX. K 
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As already noticed, we meet with a constant interval in the 
wave-number of the satellites as follows :— 
For 5,086, interval between —0-297 and -+0-097=0-394 
, 4.800. 4 ae O28G ech O.143 0 ae 
» 4,678 = 5 —0:144 ,, +0-260=0-401 
Mean =0-398 
This number evidently corresponds to 1-07 and 0-71 already 
found for mercury lines. Further, we have to remark that for 
15,086, the interval between —0-297 and 0 is equal to 3x 0-099, 
while the interval between the principal and the positive 
satellite is 0-097 ; similarly for 24,800 the interval between the 
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negative and the first positive component =0-399 is nearly 
double the interval 0-204 between the components. With 
44,678, the distribution of the satellites is reverse to that for 
4,800, for in place of —141 and +260 in the former, we find 
+143 and —256 in the latter. Thus the satellites of these 
three lines seem to be mutually dependent, as already noticed 
for the mercury lines This singular fact would have been 
noticed by Mr. Takamine, if he had reduced his measurements 
to wave-numbers. It is customary to give the position of the 
satellites in wave-lengths, but from the theoretical point of 
view it is advisable to give the wave-number. 

§ 24. Similar features are shown by the bismuth lines 44,722 
and 44,122. They are shown in Fig. 11: the interval between 
the components —1-:27 and —1:07 =0-20 and that between 
—0-46 and —0-25 =0-21, while that between —1-07 and —0-46 
=0-61, being three times the above amount. 4d 4,122 con- 


sists of a strong doublet at an interval of 1-89, having the - 
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satellites at equal intervals of +-0-34 and —0-34 from each of 
them ; it is also to be noticed that the interval between the 
doublets in the latter line is nearly three times that of the 
former. 

§25. It would be premature to inquire into the cause of the 
regularity of the satellites mentioned in the preceding pages, 
as the data on which the discussion rests are as yet scanty, and 
the effects of the electric and magnetic fields on the behaviour 
of spectrum lines are not yet well known. The presence of 
magnetic and electric fields in atoms is a matter beyond doubt, 
and changes in interatomic fields will be felt in the vibrations 
of electrons. It is only recently that Stark has been able to 
establish definitely the effect of external electric field on 
emission lines, while that of the magnetic field, although well 
known for about 20 years, has not yet been satisfactorily 
explained, excepting that of the normal triplet, which forms 
only one of the numerous types of separation. If the said 
effect had been more accurately investigated, it would perhaps 
not be difficult to found a theory of the existence of the satel- 
lites, as the most plausible explanation seems to lie in the 
change of the quasi-elastic force giving rise to light vibrations, 
due to the variation of the interatomic fields. The theory of 
tne effect of an electric field on the spectrum line has been 
discussed by Voigt,* and of the joint action of the electric and 
magnetic forces by Zeeman.t ‘The investigation of positive 
rays by Sir J. J. Thomson has revealed the existence of atoms 
of mercury, which have lost one and sometimes eight electrons 
at onetime. The change in the electric field of mercury atoms 
by the liberation of so many electrons will have sufficient 
influence on the radiation by producing an appreciable dis- 
turbance of the field, that the wave-length is slightly altered ; 
most probably the change thus caused in the electronic con- 
figuration will alter the atomic magnetic field to such a degree, 
that it will sensibly affect the radiation sent out by the mercury 
atoms. If the investigation begun by Thomson be extended 
to different elements, it will shed much light on the nature of 
the spectrum lines, but in the present stage of our knowledge 
it is rather difficult to advance a new hypothesis as regards 
the presence of satellites on the basis of the change of atomic 
electric and magnetic fields. 


* Voigt, “‘ Ann. der Phys.,” 4, p. 197, 1901; ‘“‘ Magneto- u, Elektro-optik,” 
1908. 
+ Zeeman, “ Akad. v. Wetens.,” Amsterdam, May 27, 1911, 
K2 
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§26. In his theory of the vibrations of electrons in ap 
isotropic quasi-elastic electric field, Voigt has shown, under the 
assumption of the existence of potential, which contains terms 
of higher order than that usually assumed in elasticity, that the 
change of frequency is proportional to the square of the field ; . 
observed transverse to the field, the original line is separated 
into two components of the same frequency, and parallel to 
the field there is a displacement three times as large as that of 
the line vibrating perpendicular to the field. Extending the 
analogy of the Zeeman effect in an electric field, Voigt has 
further shown that we shall have a quartet. In the appli- 
cation to mercury atoms it is natural to assume that the result 
will conform to the case in which the electrons are coupled, 
because the green line is divided into a nonet in a magnetic 
field, the violet line 24,359 into a sextet, and 14,047 into a triplet 
of double the normal separation, all of which can be explained. 
from the standpoint of the coupled electrons. If we now 
assume that such coupling takes place in the electric field in 
the same way as for the magnetic, we can without much 
difficulty explain the regularity observed in some lines of mer- 
cury, if not the whole of it. In other cases, Zeeman’s calcu- 
lation, based on a simple Lorentz’s hypothesis as regards the 
action of magnetic force, lends support to the explanation of 
the appearance of the satellites in cadmium and bismuth lines. 

§ 27. The discussion of the effect of an electric or magnetic 
field indicates the nature of the polarisation to be observed if 
the direction ot the field be fixed, but in case the seat of such 
fields lie in the radiating atoms, the polarisation observed 
becomes promiscuous and cannot be discriminated. With the 
green line (Fig. 2), taking —0-06 as the initial point, we notice 

that the zeros of the lines as arranged in the third and fourth 
-row in the figure are distant from it by 0-03 and 0-09, being in 
the ratio 1:3 as expected on Voigt’s theory. Starting from 
these lines, we have the lines + 0-26 in the third row and + 0-75 
in the fourth, thus affording a solution in the light of coupled 
electrons. The last row consists of an unsymmetrical triplet, 
_which can be caused by the joint action of the electric and 
magnetic forces as indicated by Zeeman. Another suggestion 
_that we can make of these three symn etrical triplet rows in 
the diagram is that they are all due to the Zeeman effect, the 
magnetic field producing these separations being caused by 
‘the disturbance in the configuration of electrons in the mercury 
atom on the expulsion of electrons and their subsequent return 
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to it. But it seems to me that the former way of seeking the 
solution of the problem is more plausible than the latter ; for 
there are different instances which favour the view that the 
satellites are due mostly to electric fields. The feeble satel- 
lites —0-137 and —0-395 in 23,663, +-0-172 and +0-546 in 
43,655, and +0-104 and +-0-299 in 13,650 are allin the ratio 
1:3 and conform to Voigt’s simple theory. This is, however, 
only one aspect of the phenomena ; as, for the line 13 ,655, we 
may consider the group of lines —0- 718, —0-546, —0- 172, and 
0 as forming a quartet having a constant interval of 0-172 at 
both ends ; moreover, the lines —0-172, +0-518 and ++-1-222 
may be looked upon as a triplet with a mean interval of 0-697 ; 
as to the line / 3,650, the said lines may form a group of gradu- 
ally evanescent lines; thus various arrangements ot lines 
may be considered as possible, for which different solutions 
can be suggested. If the said lines in 43,655 be considered as 
arranged ina quartet, then they may be due to the action of 
the electric and magnetic forces which are at right angles to 
each other. The satellites belonging to the bismuth lines 14,722 
and 44,122 belong to the same type, as indicated in Fig. 11. 

As to the line js 4,047 ot mercury (Fig. 6), the middle line may 
represent the position in the undisturbed state, while the other 
four limes may correspond to the state in which the coupled 
electrons vibrate in the electric field, or may be subject to the 
action of electric and magnetic forces. Near by the principal 
are two lines +0-024 and +-0-075 in the ratio 1:3; they thus 
seem to belong to the lines conformable to Voigt’s theory, but 
the jour lines in the upper row are symmetrical about the 
principal and not about these two ; whence it seems plausible 
that they are produced in the uncoupled condition. The 
presence of two symmetrical sextets in 24,359 (Fig. 5) is not 
easy to explain; on Zeeman’s theory the presence ot a dissym- 
metrical triplet is made possible, and when the presence of the 
line in zero field is considered as possible, there results a 
symmetrical quartet when the magnetic force is perpendicular 
to the electric. If the theory of the Zeeman effect be per- 
fected, so that it can explain different modes of separation, 
such as a quartet, sextet or nonet, we shall be in a position to 
explain the distribution of the satellites in 24,359. If we 
exclude the outermost components, which are very faint, and 
_ not observed by most experimenters, we can consider the lines 
—0-834 —0-564 and +0-566, +0-844 as forming a symme- 
trical quartet, and —0-244, —0-099, and +-0-110, +0-245 as 
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forming another quartet ; these may be supposed as due to the 
vibrations of coupled electrons in two different electric fields, 
which may arise during the liberation of electrons from the 
radiating atom or return to it. Similarly, if the outer satel- 
lites in the second row be not taken into account, the lines 
form a dissymmetrical triplet and may he due to the clectric 
and magnetic forces. Good instances of a dissymmetrical 
triplet are found in the cadmium lines 15,086 and 1 4,678, while 
the mercury line 15,769 and the cadmium line 44,800 form dis- 
symmetrical quartets; singular enough is the fact that in 
the former the intervals among the satellites are in the ratio 
3:4 and in the latter 1:2; this makes us consider the cause of 
these lines as due to some action or arrangement of electrons, 
which give rise to the above mentioned regularity. 

I cannot as yet lay much importance on the theories above 
given; they may be looked upon as having some significance 
in the theoretical aspect of the problem. 

§ 28. When we consider the different causes which introduce 
the regularities above mentioned, we naturally fall back on 
the supposition that the primary cause is of electromagnetic 
origin. As stated before, the researches of Thomson seem to 
give some hints to the origin of such forces. As regards the 
mercury atom we know that it gives out a single electron or 
eight electrons at once; the former is the usual mode of 
ionisation, and the emission of the principal lines will also be 
the consequence of the expulsion of the electrons giving rise 
to electric and magnetic disturbances. As to the latter way 
of ionisation, it is peculiar to mercury, and the disturbance 
arising from it will be of such an amount that the field in which 
the atomic constituents are placed will be subject to changes, 
by which the electrons emit intense electromagnetic waves. 
How often such expulsions of electrons take place compared 
with the number of expulsions of a single electron is not known, 
but most probably it will be less frequent, and though the 


emission may be intense, the total effect will not be so oreat 


as for the ordinary single electron emission. Owing to the 
violent change consequent upon the expulsion of several elec- 
trons, the electric field of the atom will be influenced by it, and 
the vibration of electrons modified to such a degree as to give 
rise to.satellites. It will be at the moment of disruption that 
the electrons are subject to the most violent acceleration, and 
are in a state of giving out the most intense radiation. It 
therefore seems to me probable that the principal lines are due 
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to the consequence of the expulsion of an electron from the 
atom, and the satellites are due to the disruption of a ring of 
electrons. It may, however, be argued that on the gradual 
return of the electrons to the atom, there will be a new adjust- 
ment of the electron configuration in the atom, which calls 
forth radiation ; this will inevitably be the case, but the dis- 
turbance caused by the return of the electrons to the atom will 
generally be small as compared with the expulsion of eight at 
one time, so that the result is not so great as to affect the 
photographic plate. ; 

§ 29. The frequent occurrence of the common difference in 
the wave-number for lines of different wave-length call; for a 
new explanation. According to Bohr, the radiation emitted 
during a transition between two stationary states of an electron 
system in an atom is determined by 

hy =A; —A 25 
where / is Planck’s constant, y the frequency, and A, and 4, 
are the energies of the system in two stationary states. Fora 
satellite of frequency v+dv, a similar equation must hold, so 
that we shall have 

hdv=0A. 


The above fact shows that for different values of v, dv has 
sometimes constant values,and consequently 64 is common to 
these satellites. In other words, the energy difference between 
two stationary states which give out radiation corresponding 
to the satellites is constant. Assuming that the change in the 
stationary states of the emitting system is the effect of electric 
and magnetic fields, the energy possessed by the system in these 
states will be altered in such a way that the amount is still 
some multiple of a certain quantum, which is different from h. 

On this hypothesis, the occurrence of such parts in the 
difference between the wave-numbers of satellites is a natural 
consequence. This is well exemplified in most of the lines 
discussed in the preceding pages ; the numbers 1-07 and 0-70 
found in the mercury lines, and 0-40 in the cadmium lines are 
remarkable instances of the existence cf the quantity just 
discussed. 

Judging from the fact that such common differences are 
characteristic of the lines belonging to the same series, it would 
appear that the lines belonging to the same series emit mul- 
tiples of quanta, which are peculiar to them. If we suppose 
that the electrons are arranged in rings about a central nucleus, 
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and that they revolve in circular orbits, the above conclusion 
indicates that the stationary orbits do not vary continuously, 
but by jumps. This is necessarily due to the quantum change 
in energy, which will be emitted in the case ot mercury atom, 
when an electron is liberated from it, or when eight electrons 
are expelled, or on subsequent return of electrons till the atom 
becomes ultimately electrically neutral. These considera- 
tions lead to the conclusion that the existence of numerous 
satellites in mercury lines is not at all singular, but is a natural 
consequence of the mode of ionisation peculiar to the element. 
If the experiment on the positive rays be extended to various 
elements and its consequence examined in the light of the 
theory here sketched, we shall perhaps be able to decide the 
question as regards the origin of the satellites. To account 
fully for the existence of the satellites and the regularity of 
their distribution, we are still in want o: sufficiently accurate 
data as to the position of the satellites in order to test the 
consequences of the hypothesis which has been here advanced. 


Note on the Structure of the Green Line of Mercury and.the 
Terms of Correction in Using a Concave Grating. 


The structure of the green line of mercury as revealed by 
Michelson’s grating* (93 in. x 2% in.) of 20 ft. focal length in 
the sixth order spectrum presents some points of discrepancy 
between that obtained by means of interferometers, echelon 
gratings, Lummer-Gehrcke plate, or Fabry-Perot apparatus. 
The principal difference is the obliteration of the strong satel- 


lites —19-9 and +18-4m.A.U. from the principal line, which 
are fused into one line, although the resolving power of the 
grating would have been sufficient to separate them; the 
triplet structure of the principal would, however, have been 
difficult to resolve. This, I believe, is due to terms of correc- 
tion, which, for gratings of such size account for the overlapping 
of the neighbouring lines. 

Take the z-axis in the direction of the normal to the grating 
at its middle point, and y, z axes in the tangent plane at the 
point of the sphere, on which the lines parallel to the z-axis are 
ruled. Referred to these axes, let the co-ordinates of the source 
of hight A be a, 6, 0; of the point A’ at which a spectrum of 
Ath order is formed a’, b’, 0; and of a point P on the grating 
x, ¥,% Then AP? = (a?-+b?)—2 by --2a%+a?+y2+2? ; 

* Michelson, ‘‘ Proc.’? American Phil. Soc., 54, p. 137, 1915. 
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putting r?=a?+b?, and introducing the condition that P lies 
on a sphere of radius e, we get 


AP*=1—2y-+(1— )e Ha ov He =) 


and APrar'?—2h'y-+(1— at +(1 —<)yp+(1— a 


In the present problem, y may be considered as a small 
quantity of the first order, and z as cf the second order, while 
in practice z is intermediate between and y. Expanding in 
powers of y, we obtain 


AP= —y-E(4- 2 ae - a+ Ae 


with similar ee for A’P. If we A the terms con- 
taining y” and y* evanescent in these two expressions, we arrive 
at the usual Rowland’s arrangement 7?=ape and r?=a’p, by 
which the points A and A’ lie on a circle of half the me of 
the sphere. When this condition is fulfilled, 


1—fai~S=—, 
Sarr ae 
and Apts ( oy) + 5(0+ 2") } 


which, on expansion, gives 

AP=r—°(1 ae ety Fea), 
Putting the approximate value io, and denoting the angle 
of incidence by 6, and the ange of diffraction e 0’, 


AP=r—sino{1-" ae yyy hy se = OE Bind sind 


+... with similar ae for PA’ , 
Confining our attention to a constant value of z, we get the 


equation of finite difference with respect to y. 


20 si 20/sin6’ 
A(AP+PA’)={ —(sind +sin6’) + (S85 a ae = 


tan@ sinf . tan’ sin6’ (2) Ks 
+( ea) ee 
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Let the successive intervals of the ruling along the chord be 
e= Ay; then, for a spectrum of h’s order, we shall have 


Dy 29 sinf , tan?0’ sinO’\ /z 
ene — fan a aye 


oa ( vos ol ais \( : y} he +hae 


According to the usual way of treating a grating spec- 
trum, the corrections in the second and third ae are not 


taken into account, so long as they do not exceed +-. . Ii the 


+ 

line be not associated with satellites the assumption would be 
admissible, but in case the structure of the line is complex, the 
effect of these terms is to introduce admixture of different 
lines, and the feeble satellites are liable to be effaced ; with 
strong satellites, the demarcation between the lines becomes 
indistinct, so that they are amalgamated into a wide line with 
vague boundaries. 

Let A, be the wave-length for y=0 z=0; then correspond- 
ing to the same angles, and for y and z, A=4,+-06A, where 


2 
2 b 
oA= aay) 7 ean’ 6 sin@ -+-tan?6’ sin6’” i( ‘) 


-+-(tan@ sinf-+tan@’ sino’)(" ) rf : 


The deviation from /, increases very rapidly, as the portion 
of the grating at some. distance from the middle is utilised, 
especially when the angle 6 increases and the ruled space 
amounts to a few hundredth part of the focal length of the 
grating. The following tables, giving the corrections, at once 
show the importance of taking these terms into account. 


Table of "29 ane a x 107, 
Pp 


2 
f = 1/500 | 1/400 | 1/300 | 1/250 | 1/200 | 1/150 
WO eee aces 0 0 0 0 1 1 
20S anata 1 1 3 4 6 10 
30)? ieee 3 5 9 13 21 37 
AQ eee 9 14 25 36 57 101 
SOC ee 22 34 60 81 136 241 
CUP san 4 read 52 | 81 144 208 324 B77 
i? Pee, ©: Pees 142. | 221 394. 567 885 1,576 
S0Sk Lee 634 991 |1,760 |2,534 |3,977  |7,039 
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. 


sinf tand 3 
Palle ots (YN Sarae 
5 ia x 107, 


6 es 0-01 002 | 003 | 004 | 0-05 
ROR tee 0 1 4 19 19 
DO cieen th Bent ae 1 5 17 40 | 78 
BTU en el ee 1 12 39 | 92 180 
SQL 3 22 73 173 | $36 
BOCs is eae 5 37 123 | 292 | 570 
Gone 8 60 | 202 480 | ORY. 
OOM onc 13 103 | 348 | 830 | 1,615 
S0oae een 28 223 754 | 1,786 3,491 


eee 


These tables show at once how the corrections arising from 
large values of y and z increase very steeply as the angle of 
incidence is increased. In addition to this, it must not be 
tané sin ait 
2 2/6 
in the expression for dP-++-PA’ gives rise to the further inter- 
mixture of lines, if in practice we gather the light coming from 
different points of the ruled spacing. 

An example may be cited tor a grating of 20 in. focal length 
with 11,700 lines to the inch ; for the green line of mercury 7 
5,461 inthe sixth order spectrum, asimple calculation shows that 
6=0'=48-2°, and for y=6 in., 64=24m.A.U., which is greater 
than the distance of the satellites lying close to the principal 
line; fory=10in., 64=213m.A.U., which greatly surpasses the 
limit of error usually admitted in wave-length measurements. 

It is therefore not at all surprising to find that in the photo- 
gram of the green line of mercury obtained with Michelson’s 
10 in. grating, the principal line is amalgamated with its neigh- 
bouring satellites into a single broad line, which far surpasses 
the other lines in intensity. The ambiguity in the position of 
the satellites arising from the overlapping of spectra of different 
orders usually observed with interferometers of high resolving 
power, and which can be discriminated by the method of 
crossed spectra, is entirely got rid of in spectra obtained with 
a concave grating. This is a great merit of the grating with 
large ruled spacing, and physicists are under great obligations 
to Michelson that he has brought his instrument to such per- 
fection that no ghost can be detected, and the ruled space is so 
large that most of the satellites can be determined with accur- 
acy and without ambiguity. What I want to indicate in this 


omitted that the presence of the term ( 


Liss PROF. NAGAOKA ON 


note is that there are terms of correction, which make the 
resolving power of the instrument less than that calculated by 
the usual formula, and that large values of the angle of inci- 
dence and of diffraction in such a grating lead to considerable 
deviations. 

These considerations lead to the conclusion that for the exact 
delineation of fine structure of lines, a concave grating with a 
large ruled spacing is not so effective as interterometers of high 
resolving power, due to the gradual intermixture of neigh- 
bouring lines. To remedy this defect, the only course that 
may be followed is to increase the radius of the sphere on which 
the lines are ruled. . Another means would be to rule at smaller 
intervals, and thus have such a large numker of lines within 
a narrow space as would make the terms of correction above 
discussed less disturbing in the result. 


ABSTRACT. 


The Paper describes a further development of the work done by 
the author and Mr. Takamine on the distribution of the satellites of 
the mercury lines. The apparatus employed was a Fabry-Perot 
interferometer crossed with an echelon or Lummer-Gehrcke plate. 
An account of the theory governing the interpretation of crossed 
spectra is given. 

It is shown that much of the discord between the results of various 
observers of these satellites is due to the unsatisfactory nature of the 
principal line as a datum from which to define their positions, and 
that if the distances be measured from one of the distinct satellites, 
good agreement is obtained. 

If these separations be expressed as differences of wave-number, 
instead of wave-length, a remarkable symmetry in their distribution 
becomes apparent. For example, among the satellites of the green 
line, 5,461, can be found three groups of symmetrical triplets, of which 
the wave-number differences are in the simple ratios 1: 3: 12. 

Similar results are obtained for other lines, the principal com- 
ponent of 44,359 being shown for the first time to consist of a triplet, 
of which the middle component is relatively weak. 

A similarity in the distribution of the satellites exists for all the lines 
examined, and certain wave-number intervals are common to all. 


It is observed that the intervals given by Us ms and Be where 


c=0-71, and 1, m, and n are whole numbers, are found among the 
satellites of the eight lines quoted for =1 to 4, m=1 to 7, and n=1 to 7. 

The possible origin of satellites is discussed in the light of the 
Zeeman and Stark effects, the magnetic or electric fields being elec- 
tronic in origin, and many of the results are shown to be consistent 
with Voigt’s theory of the vibrations of electrons in an isotropic, quasi 
elastic, electric field. The suggested explanations can only be tentative 
as yet, pending further development of our knowledge of the theory 
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of the Zeeman effect, and the extension of Sir J. J. Thomson’s work on 
positive rays to a larger number of substances, 

The second part of the Paper consists of a mathematical investi- 
gation of terms of correction in the theory of large sized concave 
gratings, which prevent the theoretical resolving power from being 
realised in practice. 


DISCUSSION. 


Dr. H. S. Atten thought the Paper contained many interesting and 
important points. That simple numerical relationships had been shown 
to hold for the separations of the satellites was likely to prove very helpful 
to those who were trying to solve the constitution of the atom. He was 
interested in the discussion of the part which might be played by the mag. 
netic fields of atomic origin in these phenomena. He had himself held this 
idea for some time. 

Dr. R. 8. Wittows did not quite understand the statement made at the 
beginning of the Paper that thero was, as yet, no observations of the effect 
of an electric field on the satellites, in view of the experiments of Stark,, 
Leo Surdo and others. 

Prof. NicHotson, in reply, said he presumed the statement was intended 
to refer to the mercury satellites only. 
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I. IwrropvuctIon. 


In designing a pendulum clock provision has to be made for 
automatically counting the swings and for maintaining the are 
of the pendulum. In general practice these are effected by 
some form of release, actuated by the pendulum itself, or of 
contact with the pendulum whereby the vibrations are recorded 
and the signal given to the motive mechanism that the pendu- 
lum is in the position to receive its impulse. Such methods 
are unobjectionable so far as the disturbance thereby caused 
to the free swing of the pendulum js constant. In practice 
this is impossible. 

In the clock described below, with a view to this mechanical 
disturbance, and the variations of this disturbance, being 
reduced to a minimum, a division of labour is introduced, an 
auxiliary or slave clock recording the time and releasing the 
impulse while a master pendulum controls the slave clock. 

The master pendulum, rigidly suspended, is intended to be 
surrounded with an air-tight case and placed below ground 
or in a locality as far as possible free from vibration and from 
change of temperature. The slave clock, connected with the 
master pendulum with electric wires, can be placed in the 
laboratory or otservatory with only ordinary precautions 
against disturbing vibrations and variations of temperature. 

When the writer designed this clock he was unaware that the 
method of relieving the regulating pendulum by throwing some 
of its labours upon a slave clock had been previously applied. 
He has since learned that the clock built for the Royal Observa- 
tory, Cape Town, during the régime of Sir David Gill was on 
this principle. This latter clock, however, was not a practical 
success, owing to the uncertainty of a delicate electric contact, 
and was discarded. No description of the Cape clock has been 
published, but the account given the writer by Sir David Gill 
showed it to differ in its application of the slave clock method 
from the clock now being described. 

II. DEscRIPTION. 

1. The Master Pendulum.—The controlling pendulum 
vibrates seconds, and is compensated for temperature, the 
compensation being adjusted for conditions where the sur- 
rounding air does not change in density with temperature.* 

* The master pendulumin the model is by Riefler, of Munich, with nickel 
steel rod of low coefficient of expansion and brass bob. No details are dis- 


cussed of the method of maintaining the constancy of air-density in the 
pendulum case, as they are not essential to the subject of the Paper. 
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2. Impulse Pallet.—At its lower end is attached an impulse 
pallet, preferably of stone,* A (Fig. 1), the upper surface of 
which is horizontal, passing at one end to a slope as shown in 
the diagram. The figure of the pallet in vertical section is 


described in § 16. 


3. Gravity Impulse Lever.;—A gravity impulse lever BC 
(Fig. 1), pivoted at C, having a small wheel, D, mounted with ~ 


Fie, 2. Fie, 3. 
Circuit IL 
SE 
[aces ol 
Tur Lower END of THE Master PENDULUM AND ITS IMPULSE 
MECHANISM. ; 


jewelled pivots at its distal end, is held in a nearly horizontal 
position by a detent, E. The lever is adjusted by the screw F, 
so that the periphery of the wheel is as near as possible to the 
surface of the pallet without danger of its touching. 


4. Releasing Electromagnet, Circwt I.—Once in every 
minute, when the pendulum is approaching its zero position 


* The impulse pallet in the modelis ofsteel. 

j7 The general form of the gravity lever adopted was probably suggested 
to the writer’s mind by the detached gravity escapement of Sir H. H- 
Cunynghame. 
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towards the left, an electric current, I, from the slave clock, 
energising the electromagnet G, releases the impulse lever, 
the wheel drops through a fraction of a millimetre on to the 
pallet, rolls down the impulse slope and falls free, giving the 
pendulum sufficient energy to maintain its swing at the re- 
quired amplitude.* The period during which the impulse 
lever is engaged with the pallet is a small fraction ot a second} 
and for the remainder of the minute the pendulum is fiee. 
‘The catch mechanism E is :o artanged that the lever is free 
fiom the moment of its :eleace, the pawl, e, being driven out 
of contact w.th tLe detent by the spring H. The cnly forces 
act_ng on the impulse lever during its fall a:e gravity ard tke 
reactions at C and D. 


5. Restoring Lever—The impulse lever after leaving the 
pallet falls freely through a short distance, and then strikes a 
restoring lever, J K. The latter carries on the face that is 
struck a light spring, L M, electrically insulated at M from the 
body of the lever, and bearing at its end, L, a wedge-shaped 
platinum contact piece, L. The restoring lever is split at its 
end, J (see Figs. 2 and 3), the edges of the split being faced with 
platinum. 


6. Restoring Electromagnet, Circuit II.—The impulse lever 
on falling upon the restoring lever drives the platinum surfaces 
into good contact, thereby closing an electric circuit, II, 
which, through the medium ot the electromagnet N, throws 
the impulse lever up into its resting position, where it is re- 
tained by the detent. 

The stop against which the restoring lever rests consists of a 
spring, P, of such elasticity that the period of electric contact 
is sufficient for the electromagnet to become saturated before 
the lever is thrown back. This insures an absence of “ chatter- 
ing” and premature break of the current. 


7. The Slave Clock.—The slave clock is an ordinary seconds 
regulator. It is maintained in synchrony with the master 
pendulum by a method described in (§§ 11 to 15). 


&. The Counting Mechanism. — As mentioned above (§ 4), at 
intervals of one minute an electric current controlled by this 
clock releases the impulse lever of the master pendulum. This 


* The semi-amplitude adopted in the modelis 1 deg. (see § 32). 
+ In the case of the model this period is about 0-18 second. 
+ The writer owes the idea of a counting wheel to Mr. Hope Jones. 
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is effected as follows : In the Fig. 4, A is a counting wheel of 
30 teeth, B D is a short pendulum with a gathering pawl, C, at 
its lower end. By means of a horizontal connecting rod, D EH, 
the pendulum moves the wheel one tooth every complete 
vibration. On the face of the wheel is a platinum pin, F, 
which at one position of the wheel passes between two platinum 
contact points, G, closing the electric circuit I. The length of , 
the connecting rod is so adjusted that this momentary closing 


B 


Fig. 4.—TuEe Cotnting MecHanism. 


of the electric circuit is effected when the slave pendulum is at 
its zero position. The length of the short pendulum B D bears 
such a relation to the radius of the wheel, and the normal 
amplitude of the point of the main pendulum which drives it, 
that the gathering pawl is free of the wheel except near the 
’ middle of its path. A light lever, H J, ending in a thin flat 
spring, J, presses on the teeth of the wheel and also functions 
as aratchet pawl. The pressure of this spring can be adjusted 
by altering the tension of the spiral spring K. It is important 
that this counting mechanism be as light and as little absor- 
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bent of energy as possible, in order not to overburden the pen- 
dulum and the train of the clock.* 


Fig. 5.—Tue Prrncreat anp Supplementary Rating SPRINGS. 


9. The Rating Spring.—On the opposite side of the pendu- 
lum to the counting mechanism is hinged a light horizontal rod, 
A B (Fig. 5), its distal end suspended by a fine wire to a 


* A light coatact on the ’scape wheel, if adopted in place of this counting 
wheel, would absorb less energy, but it is doubtful whether such a contact 
would define the epoch with such a degree of accuracy. Such accuracy is 
essential for the close syachronising of the two pendulums, 

L2 
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cock, C, on a level. with tke cock of tke yerdu'um. 
Below the horizontal rod, and attached at the same point 
as the suspension wire is a spiral spring, D E. The lower end of 
the spiral spring is continued by a watch fusee chain, which is 
wound round a barrel on the arbor of the star-wheel F. When 
the pendulum is at its vertical position the rod A B is hori- 
zontal and the suspension wire and spiral spring are vertical. 
An increase of the tension of the spiral spring brought about by 
turning the star-wheel F will increase the rate of the clock 
(§ 19) ; moreover, this mode of altering the clock’s rate is free 
from appreciable backlash,* a point that will be found later 
(§ 13) to be of importance. A small weight, P, about equal to 
the tension of the spring at its mean value, hangs by a silk 
thread wound round the same barrel, and renders the star- 
_ wheel subject only to the small difference of the forces of the 
two. 


10. Supplementary Rating Spring.—A rocking lever, G H, 
friction-tight on the arbor J of the star-wheel, is limited in its 
movements by the two stops K and L; a supplementary 
spiral spring, M G, parallel with the above, is attached by its 
upper end to the horizontal rod at M and by its lower end to 
the rocking lever at G. This second spring is counterpoised by 
an exactly similar spring attached by its upper end to the 
rocking lever and by its lower to a friction-tight arbor, N. 
This arbor can be turned by a milled head for the adjustment 
to equality of the tension of the two springs MG and GN, 
when the lever remains indifferently against either stop. The 
function of this supplementary spring will be explained later 
(§ 13). 


ll. The Synchronising Mechanism.—In §§4 and 6 two 
electric circuits were referred to—viz., (I.) that closed by the 
counting wheel, whereby the impulse lever of the master 
pendulum was released, and (II.) that closed by this lever on 
its fall, and whereby it was restored to its initial position. 
These two circuits pass also through electromagnets in the 
synchronising mechanism. 


* Tf, when the star-wheel, moving clockwise, reaches a certain position, 
the tension of the spring is the same as that attained when the star-wheel, 
moving counter-clockwise, reaches the same position, there is no backlash. 
In general, withsuch arrangements, the tensionis less while the motion is in 
the direction to increase the tension. In the above arrangement the difference 
is very small. 
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12. The Principle.—The principle of the method of syn- 
chronising the slave clock with the master pendulum is as 
follows: Every minute the impulse lever is released at an 
instant dependent on the position of the slave pendulum. The 
lever rolls on the pallet and falls on its contact at a time 
dependent on the position of the master pendulum. There is 
an interval, ¢, of about + second between the closing of circuit I. 
and circuit II. It is the function of the synchronising mecha- 
nism to maintain this interval constant. When the interval 
is greater than ¢ the slave pendulum is in advance and its error 
is positive. Kvery minute a measurement of this interval is 
automatically made, when, if the error of the slave pendulum 
is positive, its rate is reduced by a constant amount, N; if 
negative, the rate is increased by the same quantity. These 
changes of rate are effected by altering the length of the rating 
spring (§ 9), and, therefore, its tension, by a constant quantity. 


13. False Synchronism.—lt is shown in § 20 that this 
method alone will result in a false synchronism, a hunting of 
error and rate, the error and rate passing through periodic 
variations of constant amplitude, the variation of the error 
following that of the rate with a difference of phase of a 
quarter of a period. Further, it is there shown that if there is 
any backlash of the rating mechanism, in the sense in which 
that word is used in §9 Footnote, the amplitude of these 
periodic variations of error and rate will continually increase 
without limit. The function of the supplementary spring is 
to introduce a negative backlash, so to speak, which effectually 
reduces the amplitudes of these variations till they nearly dis- 
appear. When, by any change of conditions, the rate of the 
slave clock is altered, periodic variations of the error and rate 
are set up, which in course of time are damped out, and the 
rate of the slave pendulum readjusted to that of the master 
pendulum. In practice it is found that there is a continual 
wavering, of small amplitude, of the error and rate about a 
mean position,* this mean position continually adjusting itself 
to changing conditions. 


14. Description of Synchronising Mechanism.—The electric 
current of circuit Il. passes through the electromagnet A 
(Fig. 6). The armature B of this magnet is attached to the 
lever C (Fig. 6 and,7), which is held away from the poles of the 


* With the exoorimental model the amplitude of these variations of error 
rarely exceed +0-005 (see Footnote to § 20). 
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magnet by the spring D. Attached to the end of this lever is 
the tongue E (Figs. 6, 7 and 8), movable about a vertical axis 
through a small distance of about twice its horizontal thick- 
ness determined by two stops (not seen in the figures) and 


St Sass © 
A A 
Circuit i 
E 
‘Fig. 6. bres ve 


Tub SYNCHRONISING MECHANISM. 


sliding with a little friction on its guide. The end of this 
tongue is shown enlarged in Fig. 8. Engaging with the star- 
wheel referred to in §9, Figs. 5 and 7, are two pawls, GG 
(Figs. 7 and 8), movable about pivots, H H, and held against 


/ 


Fie. 8. 


the stops J J by the springs K K. The points of these pawls 
when pressed upon the wheel F move it to the right or left, 
the movement through the space of one tooth being completed 


oe. ae 
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by the jumper L. The ends of these pawls are shaped as shown 
in Fig. 8. 

When the lever C is drawn down by the electromagnet A 
and the tongue E is against its left stop, the latter engages 
with the left pawl, and the wheel is turned one tooth to the 
left ; similarly, when the tongue is against its right stop the 
wheel is turned one tooth to the right. At intermediate posi- 
tions of the tongue one or other of the pawls will generally be 
engaged ; between the ends of the pawls there is but ba e'y 
oe room to let oe tongue pass. 


if INE 


oo 


Master Pendulum. Hae Reed 
Fic. 9,—Tat Evecrric ConNECTIONS. 


Above the star-wheel is the timing wheel MM (Fig. 7). 
This carries weights, N N, movable along a radius, whereby it 
is thrown out of balance, and these weights are so adjusted 
that the period of time the wheel takes to turn from rest 
through 90 deg. to its position of equilibrium is the period ¢ 
referred to in § 12. 

The lever Q R, pivoted at Q, attached to the armature S 
of the electromagnet T (circuit I.) holds the timing wheel by 
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the tension of the spring U, and through the pressure against 
the ruby pin V, in a position 90 deg. from its position of equi- 
librium. The lever Q Ris held against a screw stop, P. The 
pin W on the periphery of the wheel presses the tongue E to its 
left position. In this position the timing wheel is held during 
the intervals between successive minute impulses. 


15. Mode of Working.—At the completion of each minute 
the counting wheel (Fig. 4) closes circuit I., the impulse lever 
is released on the pallet of the master pendulum, the lever 
QR (Fig. 7) is drawn to the electromagnet, and is held by the 
detent X Z, and the timing wheel begins to fall. As this wheel 
turns the impulse lever runs down the impulse pallet. On falling 
off the pallet the impulse lever closes circuit II., is thrown back, 
and the lever C (Figs. 6 and 7) is drawn down, releasing the 
lever QR. If the two pendulums are in synchrony the timing 
wheel will have reached its position of equilibrium when this 
occurs, and the pin Y on its periphery will have pushed the 
tongue to the right a sufficient distance for the latter to pass 
between the two pawls G G ; the star-wheel will not be turned, 
and no change will be made in the rate of the slave pendulum. 
If, however, the latter is in retard the timing wheel will be 
released late, the tongue will engage with the left pawl, and the . 
rate of the slave pendulum be increased ; if in advance its rate 
will be decreased. This automatic comparison and adjust- 
ment is made each minute, and the synchrony of the two pen- 
dulums maintained as explained in §§ 12 and 13. 

The electric connections are shown in Fig. 9. 


III. MatrHEematicat DISCUSSION. 
Table of Symbols. 


Quantities in C.G.8. units unless otherwise stated, 
Values in model. 
4a Latus rectum of parabola (figure of pallet)| 1-40 cm. 

E Total energy of master pendulum........... aaa 
AE Energy conveyed by each minute impulse} 1-87 x 103 gm. cm,? sec. —2 
Ae’ Change of daily rate, in seconds ............ — 

F Couple retarding pendulum by wheel fric-| { About 2-4 103 gm, cm.2 


Lronvon' Pallet ee. cess. eee eete eee eee SeCie = 
I Moment of inertia of master pendulum...... 6-47 x 107 om. cm.? 
i Moment of inertia of impulse lever.......... 2:07 x 102 gm. cm.? 
K Gravity couple of impulse lever............... 3-69 x 10g om. cm. sec, — 2 
L Length of master pendulum, suspension to} 
MBO b Mer cctcet scot cck oe eRe 1-19 x 102 cm. 
1 Length ofimpulse lever, pivots to centre of 
WOO] Seren cen e seek sac a'ess cuca Eee ee 9-2 cm, 


N Change of rate in seconds per day imposed 
each minute 


WO e ee eee m enon eeaseeeeeeeeeerere 


Ye ae 
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| Values in model. 
P Horizontal component of wheel pressure 
ORUNDAUOU ay enticc. css recs t acted iseadess con ke _ 
8 Angular distance of centre ofimpulse wheel 
from beginning of impulse face when | 
O—Ols POSITS TOTIGNG Eh soe ceesec'esnsdernes — 
T Semi- period of pendulum . don anmeraaanna eee ! Lseecond 
¢ Time interval between the closing of the 
LW. QIEOHNIOCILCULUS 0. csavessernseeeie tenet | — 
V_ Linear ise of pallet when 9=0...... | 6-52 em. see.—1 
Ldap Ns dlogs a. mr |) oa a 
Gael ar Te ee 
@,- The pocoutsl travel of the pallet while the | 
wheel is rolling down the impulse face...| 8-310} em. 
a Semi-amplitude of pendulum in radians... 2/180 
6 Position of pendulum at time under con- | 
sideration ; positive to the right......... = 


16. The Figure of the Impulse Pallet.—With a view to a 
steady fall of the impulse wheel, the impulse slope is so shaped 
that the path of the wheel relative to the pallet is a parabola. 
The wheel. then falls with a constant acceleration.* The 
extent of the impulse is confined to about the middle fifth of 
the complete amplitude of the pendulum. Within these 
limits the velocity V of the pallet is nearly constant. 

It can be shown that the horizontal component of the force 


The quantity — 


Fre. 10.—Tur Ficure or THE Imputsp Patwet. 
exerted by the wheel on the pallet (see Fig. 10) is 
iG Va 
Pa K—,| Sia (1) 
2al\ 2al 
and the energy conveyed to the pendulum with each minute 
impulse is 
AB=" (K— Helier se." eee Cz) 
a 
* Tn order that the parabolic path may be strictly followed the radius of 


the wheel must not sea a certain value. dependent on the latus rectum and 
the constants K and 7 of the lever. 
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No special importance is attached to the above figuring: of 
the impulse face. If d is the distance through which the wheel 
falls and f the angle'with the horizontal made by the path of 
the wheel relative to the pendulum at the end of the impulse, 
the last equation can be written 

ae 
apie lee tan 7), 
and in this form is applicable to any figuring. 

The first term is the energy of fall of the lever and the second 
the energy of motion with which the lever leaves the pallet. 

The second term on the right of equation (2), involving the 
moment of inertia of the impulse lever, increases with the 
square of the amplitude. Hence the impulse conveyed to the 
pendulum is less when the arc is greater. The inertia ot the 
lever, therefore, exercises some degree of control over the are. 
As the writer is of opinion that it is advisable that the lever be 
as light as possible its inertia is made as small as is consistent 
with a sufficient value of K. 


17. The Energy Required to Maintain the Master Pendulum.— 
The energy necessary to maintain the arc at the amplitude 
‘decided upon can be found by determining the decrement 
da/dt ot are when the pendulum is set to swing freely. 

We have 

da adloga a. dlog,oa 
di di ew locie- a at 

Log ,) a is then plotted against time, and a graph obtained 
which is nearly linear. The tangent at the point corresponding 
to the amplitude decided upon gives d log ;) a/dt. 

It can be shown that the energy required to be conveyed each 
minute to maintain the amplitude at a radians is 


60 2 dlogi,a 


aS ee a a ait, eee (3), 
Combining this with (2) we have 
typ Vay 60 ,2? .dlog ia 
4al 2al/ ~~ log, ,e T dies 


from which suitable values of K, 7, &c., can be calculated that 
will give the required are. 

18. The Couple Retarding the Pendulum Due to the Friction of 
the Wheel on the Pallet—A knowledge of the value of this 


couple is useful in order that its effects on the rate of the pendu- 
lum may be estimated (see § 27). 
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To determine this value the pendulum is swung with the 
wheel rolling under the weight of the lever on the horizontal 
portion of the pallet, which is made some centimetres long for 
this purpose. The decrement of amplitude with time is ob- 
served. Under these conditions this decrement is that due 
to the friction, in addition to that to which the free pendulum is 
subject. The latter has been found by the method of § 17, and 
the difference is that due to friction. 

If F be the friction couple retarding the pendulum and Aa 
the change of amplitude due to wheel friction in time 7, it can 
be shown that 

2FT? 
Nas Te 

Within the limits of error of experiment, which are some- 
what large, this couple is found to be independent of the 
amplitude.* 


19. The Rating Spring.—In Fig. 11, A C is the slave pendu- 
lum, B E the horizontal connecting rod, D E the suspension 


le 


A a cee 


wire attached to the rod at E, EF the spiral spring and its 
connections with the star-wheel. When the pendulum is 
vertical D, E and F are in a vertical straight line. 


* It may be of interest to refer to the changes in the value of / that were 
found with the experimental model under different conditions. When the 
whee] and 1ts jewelled pivots were new and freshly lubricated F had the value 
2-13 x10 grammes em.?sec.-2, After a year when the pallet was dusty and 
the pivots not re-lubricated, this figure rose to 2-75; and after cleaning the 
pallet it fell to 2-39. The figure in the last decimal place is probably of little 
significance. 
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Let / be the tension of the spring and M the mass of the slave 
pendulum bob, and let DE=AB=I, and EF=I,. Then, if 
AT be the change of period due to a change of tension A/, we 
have with sufficient accuracy 


a (Iy-+4) 


2M gl a 
From this the constants of the two springs to give the necessary 
change of period can be calculated. 


20. The method of synchronising the slave clock with the 
master pendulum can be explained graphically. In Fig. 12, 
with the lower curves, ordinates represent rate imposed on the 
slave pendulum by the rating spring, zero rate being that 
attained when the two pendulums have the same period. 
Abscisse represent time. Rate is imposed at each minute 
comparison in constant quantity NV, positively when the error 
is negative, negatively when the error is positive. Curve I. 
represents the hypothetical case in which there is no backlash 
on reversal in the action of the mechanism altering the rate. 
In curve II. there is backlash of value 2, as shown by the 
dotted line following behind the full line when a change of 
direction takes place. In curve III. a negative backlash of 
value 2NV imposed by the supplementary spring is shown by the 
dotted line preceding the full line on change of direction. 

The full line represents in the reversed direction the position 
of the lower end of the principal rating spring. 

In-each case the initial state (¢=0) is taken when error=0, 
rate=5 N+backlash. The error accumulated (N¢) is repre- 
sented by the area between the graph and the zero line, chang- 
ing positively when the graph is above, negatively when below 
the line. 

In curve I., at the end of the first minute, rate being positive, 
a positive error has accumulated, and consequently the rate 
falls, and in five minutes a positive error represented by the 
area a, 6, c has been acquired. The rate continues to fall 
until the positive error has been wiped out, which, fron; the 
symmetry of the figure, obviously occurs when it has reached a 
negative value equal to the positive value from which it started. 
This hunting of error and rate with constant amplitudes about 
their zeros, with error a quarter of a period in phase behind 
rate, will continue indefinitely until a disturbance increases or 
decreases the amplitude. 

In curve II., owing to backlash, the real rate imposed, 


AT=-— 


a a 


e 
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shown by the dotted line, follows behind the action of the 
mechanism. Consequently a greater fall in the rate takes 
place before-the area c, d, e equals the area a, 6, c—that is, 


Racserasl 


Sept.29. 1915 


CAs os 


Rate. 


July 2. 1916 


Saeed) 


0 10 20 30h. 40 . BO 60 
Time in Minutes. 
Fig. 13.—ReEcorps or THE Movements or Tar Ratrync SPRINGS OF 
THE HWXPERIMENTAL Mopnt. 


before the negative rate has wiped out the accumulated posi- 
tive error. The area d, e, f is again larger for the same reason. 
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In this way the amplitudes and the periods of the swings grow 
larger indefinitely. 

Curve II. shows the opposite effect of negative backlash 
due to the supplementary spring, the amplitudes and periods 
of the changes in rate and error becoming less until they are 
reduced to small waverings on alternate sides of the zero. 
These small changes never cease, but the accumulated error 
at any time is inconsiderable. 

The same three cases are plotted in the upper curves, but 
with ordinates denoting error. 

In Fig. 13 are represented some actual records of the move- 
ments of the rating spring; of the experimental model. Here 
_N is about } second per day and the movement of the supple- 
mentary spring imposes a rate of 2N. The zero line changes 
with changing conditions of the slave c ock. There is a small 
unknown margin of error within which no change of rate 
takes place. There are theretore periods of varying length 
during which no change of position of the rating spring is 
made.* 


21. The timing wheel, weighted at one side, is held at 
90 deg. from its equilibrium position. It is adjusted so that 
the time taken in falling through 90 deg. is the interval ¢ 
between the closing of the two electric circuits (see §§ 12 and 
14). Let J, be the moment of inertia of the wheel and 
K,, sin 6 its restoring couple when displaced 6 from the ver- 
tical. 

The time occupied in falling through @ to the equilibrium 
position is 

“aon a eC) oye Lip eA, ) 
t= VK at +(4)? sin"'5 +54) le asf . (4) 


rue 6=" ~, we have t=1-85 I, ; 
2 Ki. 

* With the experimental model the accumulations of error rarely, if ever, 
amount to +1/200 second. The slave clock used has a poor train, and its 
pendulum shows periodic changes of amplitude ; moreover, the synchronis- 
ing mechanism is somewhat crude, the parts having been designed by esti- 
mation and never subsequently altered ; also the value of NV and the unit of 
negative backlash have been made greater than has proved to be necessary. 
With abetter slave clock, having a heavier pendulum, and with improvements 
in the synchronising mechanism learned by experience to be advisable, the 
accumulations of€rror could very probably ‘be made never toexceed +1/1000 
second, 
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The angular velocity on reaching the equilibrium position is 


Nh K, 2-62, 
| beh eter 
From (4) we. have— 

dt elds ie mt 


Hence, if t is } second, a variation of the initial position of 
the wheel of 1 deg. will cause a variation of the time of fall of 
only | /1000 of a second, a point of practical importance. 


lV. Discussion oF CERTAIN CAUSES OF VARIATION AND 
THEIR PROBABLE EFFECTS ON THE RATE. 


22. The effect of change of temperature acting directly on. 


the rate of the master pendulum is not considered, as it is 
assumed that this has been correctly compensated in the 
pendulum, and that the uniform conditions as regards tem- 
perature to which the pendulum is intended to be exposed will 
render these negligible. 

Neither is any consideration given to change of atmospheric 
density, this, it is assumed, having been eliminated by the 
enclosing of the pendulum in an airtight case. 

The variations requiring consideration seem to be com- 
prised in the following :—Changes in 

(a) The friction of the wheel on the impulse pallet. 

(6) The instant of release of the lever on the pallet. 

(c) The relative position of the pallet and the impulse lever 
due to tilting sideways of the master pendulum and its mecha- 
nsm and of the sustaining wall. 

(d) The conditions of the impulse lever. 

(e) The effect of the blow of the wheel on the impulse 
pallet. 

These variations may generally affect the rate in two dis- 
tinct ways, which can be considered separately—viz., (i.) by 
varying the amplitude and so altering the rate by circular 
error, and (il.) by varying the disturbance to the free swing 


* In the experimental model the radius of the wheel at the point where the 
pin engages with the tongue (c, Fig. 7) is 1-7 cm., and ¢ is about 4 second, 
hence, the velocity acquired is 18 cm. per second. The dead space within 
which the tongue can move without engaging either the accelerating or 
retarding pawl is less than }mm., so that the dead interval of time is less 
than 1/500 second. 
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during contact between the wheel and the pallet and so intro- 
ducing escapement error.* 


23. Circular Error.—There is some reason to doubt the: 
strict applicability in practice of the theoretical formula. In 
the first place a pendulum suspended by a spring does not 
exactly follow a circular path, and, secondly, with change of 
amplitude there result changes of non-conservative resistances 
which probably slightly affect the period. In default of 
better information we will calculate on the lines of the ele- 
mentary theory. 

Consideration of circular error may be resolved into con- 
sideration of changes of total energy of the pendulum. 

The semi-period of a pendulum is 


Za fier sae v 
T=(1+3 sn a be.)ay/-. 


Hence, with sufficient accuracy 


ar =" ada. Pacem oe! S22 (Ry 


We have seen (§ 17) in dealing with the decrement of ampli- 
tude with time due to air-resistance that the expression 
Ida 1— dlogy,a 
adt logye dt 
is nearly constant, and a method of determining this was given. 
Calling this quantity X, we have from (3) 


pap 7 2 
AE=601,, Xa? 


2 
Hence d( AE) =12017, Xada. Make erty oat cKO) 


Hence, from (5) and (6).a small change A’E in the energy 
conveyed each minute effects a small change AT in the period 


expressed by 


i = X N’E 

A ~0eNT.2 ¥ > 

oO! ee 2 x ( ) 
449 16 AE ; : : : : , 


* This term is used as a convenient one for change of rate due to change of 
the disturbance of the free swing, though in the present case there is no- 


escapement. 


VOL, XXIX. M 
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And the change in the rate due thereto is— 
Ae’ = —86 400 AT 2. an) 1 ee 
in seconds ‘per day. 


24. Escapement Error.—The loss or gain of time AT in a 
single vibration due to a disturbance at a point 0, thereby 
changing the energy of the pendulum by A’E can be shown to 
be expressed by 

poe er (9) 
TInt Gyo ie 
the positive sign applying to the case where the disturbance 
occurs when the pendulum is rising, the negative when falling, 
0 being positive. 

If this change of period occurs with each minute impulse, 

the change of rate due thereto is 
Ae=—TA40AT ea) 


in seconds per day. 


25. The application of the above expression for escapement 
error to friction of the impulse wheel is of importance and will 
be required in the discussion to follow. 

From the definition of the frictional retarding couple (§ 18) - 

dE=+Fd6, 
the upper sign applying when the pendulum is rising and @ is 
positive, whence from (9) 
JIE 6 
=~ aT ob Pa 

In integrating this expression it is to be noted that both 
a and @ are variable. With such values as F is likely to have 
the error involved in treating a as constant is negligible. The 
change of period of an individual vibration due to friction of 
the wheel between 6, and 0, is then 

Me eS ee 
“ila YOO VO 0 et 


dO. 


26. The application of the same expression (9) to the dis- 

turbance of free-swing brought about by the impulse will also 

_be required. This will depend on the position of the pendulum 
at which the impulse is adjusted to take place. 


* See G. B. Airy, “On the Disturbances of Pendulums, &c.,” Camb. Phil. 


Soc. Trans., Vol. III., 1830, p. 105; J. M: Blox ae 1 yy 
XXII, 1853. P loxam, Memoirs A.S., Vol. 
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In Fig. 10 let the position of the wheel as drawn represent 
that.which it occupies on the pallet when the pendulum is at 
its vertical position. The pallet is moving to the left, and the 
wheel is rolling down the impulse face from 2—0 to L=L,. 
Let s be the angular distance Oa. 

It can be shown from (1) and (9), the positive direction of 0 
being taken towards the right, that the change of the indi- 
vidual period due to the element of impulse through d0 is 
_ 2T3L? AE 6(s—6)d0 
Bf x4? a2/q2— 92° 
and the whole change of period due to the impulse, treating a as 
constant, is 


aT 


vy 
C= 
FES, EG a EO a? 
A ar) ae {a sin. ee sin trae 
PORE SROY ae v4 ue Die _ 4 
+sV/a2—s a) a ¢ a ae S (12) 


Owing to the greater forces acting in this case the discrep- 
ancy involved in assuming the constancy of a is appreciable. 
In the application in §30 the value of AZ’ obtained from the 
use of this expression was found to differ by about 2 per cent. 
from the rigid value. 


27. We are now in a position to consider the effect on the 
rate of the clock of the changes set out in § 22. In order to do 
this the data supplied by the experimental model will be used 
(see Table of Symbols). 

(a) A Change in the Value of the Friction of the Wheel on the 
Impulse Pallet.—(i.) Circular Error.—Assuming that friction is 
proportional to the varying pressure, and neglecting the inertia 
term in (1), we find (see §§ 18 and 25) the change of energy of 
the pendulum due to friction during one impulse is 


A,E=F(6,—9,), 
where 9, is the position when the lever falls on, and 0; when it 


falls off, the pallet. 
Hence, the change due to change of friction is 


A'E=AF(6,—0)). 
And from (7) and (8) the change of daily rate is 


OS A IGsss0.). 


hes — 86,400 GAR 


M2 
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Putting 6,—0-3a, and 6,;=—0-25a, as in the adjustment - 
made in the model; and putting AF'=6-2x 10°, probably an 
extreme value (see Footnote to § 18), we find 


Ae’= +0-0052 second per day. 


(ii.) Escapement Error.—Using the same value for the change 
of friction, we have from (10) and (11) 
~ Ae’= —0-00036 second per day. 


28. (b) A Change in the Instant of Release of the Impulse 
Lever—Such changes inevitably occur by the nature of the 
mode of synchronising, but they are periodic, and their effects 
are not cumulative. Probably an extreme value of such a - 
change, taking one whole day, with another, would be +1/100 
second. The normal value 6,—0-3a becomes 0,=0-3a+0-03a. 

This change may conceivably affect the rate by (a) varying 
the length of pallet along which the wheel rolls, whence by 
(i.) circular error 

Ae’=—0-0011 second per day, 
and by (ii.) escapement error 
Ae’= +0-0009 second per day. 

(6) This change may also affect the rate by altering the 
position in the arc at which energy is drafted by starting the 
wheel or by the blow on the pallet. The effect of the former is 
negligible, and that of the latter is dealt with in § 31. 


29. (c) A Shaft of the Point of Suspension Sideways Relatively 
to the Impulse Lever—Such a shift or tilt might arise from a 
want of stability of the wall to which the master pendulum was 
attached, or from a faulty attachment of the pendulum or the 
impulse mechanism to such wall. 

(a) The immediate effect will be to alter the value of s (see 
§ 26). Differentiating the expression (12) with respect to s, we 
get by escapement error 


27a]2AB| evs ge: 
HAT) = area oF Sea ds 5 (13) 


Putting, as in the model, s=0-15a, and giving ds the value 
1’ of arc, we find 


Ae'=0-076 second per day. 
This is a large variation ; moreover, since d?AT/ds? is very 
small with all possible values of s, this figure cannot be materially 
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reduced by altering the position in the arc at which the impulse 
is given. 

This investigation points to the necessity of firm attachment 
of the pendulum and its mechanism to their support. The 
same effect would obtain with the Graham dead-beat and the 
generality of escapements, but with those where the impulse is 
given symmetrically in two directions the effect in one direc- 
tion is compensated by the counter effect in the other when the 
tilt is small. 

This effect is not a consequence of the particular way in 
which the impulse is given. The most ideal impulse where all 
the energy is given at the position 6=0 would yield an almost 
identical figure. 

(8) Another effect of such a tilt will be one similar to that 
dealt with in § 28 (b), but the changes of rate are smaller than 
there resulting. 


30. (d) A Change in the Conditions of the Impulse Lever.— 
(a) One of the conditions here to be considered is that of friction 
at the pivots. Such friction will affect the rate by altering the 
value of the impulse. . 

In order to gain some knowledge of the pivot friction a 
simple experiment was made. The pivots and their holes had 
not:been cleaned for about two years. The static friction was 
found to amount to about K/400. 

(i.) Circular Error—We have from (2), neglecting the 
inertia term, 


A’E AK 
ARK’ 
and from (7) and (8) 
7a To? AK 
Ae’ = — 86,400 a a 


Assuming an increase of friction amounting to 100 per cent. 

of its value, we get 
Ae’= +0-0041 second per day. 

(ii.) Escapement Error.—Applying the formula (12), putting 

s=0-15a, we get, with the same increase of friction, 
Ae’= -+0-0013 second per day. 

It may be pointed out that by altering the position of the 
pendulum at which the impulse is given the disturbance to the 
pendulum by the impulse may be reduced or made to vanish, 
and changes of this disturbance with change of impulse to 
vanish also. Thus, if s=0-27a, AT of expression (12) becomes 
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zero. As, however, the absolute value of this disturbance is of 
no account if it remains constant, as the probable variations ot 
the impulse are small, and as a higher value of s involves the 
pushing of the point at which the lever falls further from the 
zero position, it has been judged advisable to give s the value 
0-154. 

(8) Another condition ot the impulse lever is that of tem- 
perature. It is assumed (see Introduction) that the changes of 
temperature to which the master pendulum are exposed are 
small. A small change of temperature, however, may have 
a serious effect if it alters the position in the swing at which the 
impulse ismade. Suppose, for instance, that the pivots of the 
lever remain in constant relation to the pallet while the steel 
lever expands, then s will change by the quantity 

l 


NS — 7 X0-000011 a5) 


for an increase of 5°C., putting 0-000011 as the coefficient of 
expansion of steel. 
From (13) and (10) the change of rate will be 
Ae’= —0-0011 second per day. 


31. (e). A Change in the Effect of the Fall of the Wheel on the 
Impulse Pallet_—In order that the blow of the wheel on the 
pallet shall be small it is essential that the wheel shall be held 
but a fraction of a millimetre above the pallet. This involves 
the rigid attachment of the impulse mechanism to the suspen- 
sion. It is proposed to sxspend the pendulum in a cast-iron 
box with a plate-glass window, and to attach the impulse 
mechanism to the cast iron. The relative change of vertical 
position of the wheel and pallet due to expansion through 
5°C. would be about 0-0055 cm. 

Careful consideration has been given to the question whether 
the impulse should not preferably be given at a point higher 
up the pendulum with a view to diminishing any relative 
change in position of wheel and pallet. It appears that any 
advantages of so doing are outweighed by the difficulties and 
disadavantages. 

With a view to measure the effect of the blow a series of 
experiments were made, in each of which during a measured 
time (20 minutes) the wheel was dropped a large number of 
times (337 to 400) through a distance of 0-02 cm., and, after a 
short measured run along the horizontal pallet, was raised. 
The decrement of amplitude was read. The experiments were 
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rough, but within the probable limits ot error the decrement of 
amplitude was fairly closely accounted for by the air resis- 
tance and the frictional resistance of the run. The resistance 
to the pendulum due to the blow of the wheel seemed very 
small. 

Table of Resulting Changes of Rate. 


—— ———S 


By, -| = By | 
Due to— circular escapement 
error. | error. 


: Second |per day. 
(a) Change of friction of impulse wheel (25 p.c.)...| +0-0052 | =0-00036. 
(6) Change of instant of release (0-01 second) of) — : | 
LIA PAULSO MO VOM oe ance couse vscist cavidudeseaetsannasicrs +0-0011 | =0-0009 | 


(c) Tilt of master pendulum attachments (1/ of arc) +0-076 
(d) (a) Change of friction at impulse lever pivots 
(UO) 3 406i) ri camel nase ps ote ees As See ese +0-0041 | 40-0013 | 
(8) Expansion or contraction of impulse lever 
Ghreyetn Cnet eh deem se en ees ees gs ci act OE. 
. | 


The change in each ease is taken as acting through one whole day. 


It may appear that in the course of this discussion of 
probable causes of variation of rate, the mathematical mill 
has been applied to grind out results of greater refinement 
than is consistent with the trustworthiness of the data that 
can be used. Considering, however, the simplicity ot the con- 
ditions to which this pendulum is exposed, this mathematical 
application seems to the writer to be justified; he believes 
that these results give useful evidence of the order of magni- 
tude of the variation of rate to be expected from the various 
causes considered, It is possible that other causes of variation 
that have not occurred to him may be found to be of equal or 
greater importance. 


32. The Best Value for the Amplitude of the Master Pendulum. 
—The degree of freedom from frictional disturbance and the 
coafining of the impulse and all mechanical contact to a 
small angle on each side of the vertical position lead one to 
infer that escapement errors will be of less importance as com- 
pared with circular errors in the case of this clock than usually 
obtains, and this consideration seems to justify the adoption of 

‘the unusually small semi-amplitude of 1 deg. 

The following table has been calculated for a semi-amplitude 
of 2 deg., certain reasonable and convenient necessary modifica- 
tions of other conditions having been made. A comparison of this 
table with that of § 31 will illustrate the argument used above. 


146 MR. BARTRUM ON 


It is anticipated that the error due to the change (c) can be 
reduced to small value :— 
Table of Changes of Rate with Semi-ampiitude doubled (2 deg.). 


By By 
Dre to— circular \escapement 
error. error. 


Second) per day. 
(a) Change of friction of impulse wheel (25 p.c.)...|_ 0-006 0-0002 
(b) Change of instant of release of impulse lever 


(0-0) second) Remeseacnecestecescestaereseaeeeiss saa +0-002 =0-0003 
(c) Tilt of master pendulum attachments (1’ of arc) 465 +0-038 
(1) (a) Change of friction at impulse lever pivots 
(GU Ue nc rbdnc-Reoacandoacneatospogboodorinsacuésa: +0-016 +0-0006 
(8) Expansion or contraction of impulse lever 
LHTrOUSH eG eenstsearasscteeornavwese senses Nace ne 7-9-0006 


V: ConcLusIon. 


It is unusual to put forward a new piece of physical apparatus 
without any attempt to report as to its efficiency in practice. 
But in this case the conditions are unusual. No comparison 
of a clock of the precision to which this aims is of any use 
except with the daily records of a first class observatory. The 
Paris rhythmic time signals have not been available to private 
observers during the war. Moreover, the purpose of the 
experimental model is merely to show the practicability of the 
method of synchronising the two pendulums and of the mode 
of giving the impulse to the master pendulum ; to show that 
the clock works without risk of failure of the electric contacts 
or other details. This the writer claims has been achieved. 
» He suggests that, the practicability of the method being shown, 
the conditions for good timekeeping are assured. 

The mode] exhibited has involved considerable expenditure, 
and the writer feels justified in bringing the subject forward 
in its present stage in the hope that he may be sufficiently 
encouraged to expend greater sums on an instrument capable 
of undergoing the severest tests. 

Warm acknowledgment is due by the writer to Mr. Joseph 
Kirner for the skilful way he has carried out the ideas embodied 
in this piece of apparatus, for the many valuable practical 
suggestions he had made, and for the great interest he has 
shown. 

The writer is much indebted to Prot. Alfred W. Porter for 
kindly reading the manuscript, and to Prof..C. V. Boys, who 
has read the Paper and advised as to its publication. 
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ABSTRACT. 


The principal feature of the author’s arrangement is the employ- 
ment of a “‘ slave ”’ clock to do the great part of the work, leaving the 
master pendulum no function beyond that of controlling the rate of 
the other. The master pendulum swings freely except for a short 
period (about one-fifth of a second) every minute, during which it 
receives an impulse from a small falling wheel electromagnetically 
released by the slave clock. At the end of its fall the impulse 
mechanism closes a second circuit and is restored to its initial - 
position. These two electric circuits also energise parts of the 
mechanism in the slave clock by which the latter is kept in time 
with the master pendulum. The lagging of correction behind error, 
with the resulting periodic fluctuation in the rate, is reduced almost 
to the vanishing point by the introduction of a “‘ negative backlash”’ 
im the control mechanism. 

The Paper contains a mathematical discussion of the best working 
conditions and of the possible magnitude of errors which might arise 
from various causes. 

DISCUSSION. 


Prof. Boys contributed the following remarks : The subject with which 
Mr. Bartrum has dealt with such ingenuity and success is one which has 
the greatest fascination for me, and I am sure that the members of the 
‘Society will join with me in congratulating him. I feel that we should 
welcome this contribution the more because the author’s daily work is 
quite in anotherwalk of life. He has referred to the late Sir David Gill’s 
‘clock with two pendulums, which I saw when I was at Capetown, and 
which Sir. David explained to me very fully. While admiring the 
ingenuity of this, I felt that it was not a convenient solution of the 
general problem. In particular I distrusted the use of a pendulum 
hooked up and liberated every two seconds, so that tke slave clock, in 
fact, was started and stopped 30 times a minute by the master pendulum. 
Mr. Bartrum has undoubtedly worked on safer and more practicablo lines 
in employing for the slave clock a complete going clock which is only 
rated instead of being kept alive by the master pendulum, and the less 
frequent interactions, which are sufficient, are certainly much more 
desirable. Of the numerous elements which go to make up the com- 
plete device, I think that which I most admire is the device for negative 
back lash, and the short account of this and the purpose that it serves 
would I think, be read with advantage by anyone who has to do with 
governors of any kind, and of the difficulties due to hunting which are 
met with in such varied directions, The author has realised with very 
great perfection the ideal conditions of a free pendulum which may be 
placed 60 ft. below tho ground in a place of uniform temperature and 
-within a casing, so as to be protected from variations of atmospheric 
doxsity, whether due to change of temperature, if any, or of barometric 
pressure. Such a pendulum, free from mechanical friction variations, 
and with a gravity impulse related exactly as wished to the centre 
position, should give the most perfect time keeping that can be realised. 
At the end of the Paper the author refers to the question of the most 
suitable are of vibration. Itis possible that this can only be determined 
experimentally, as it has been with escapement clocks, for there are here 
as elsewhere the counteracting advantages of improving isochronism 
with reduction of arc and improving stability of amplitude with increase 
cof are. However, such tests could only be made usefully under the most 
perfect conditions for the master pendulum, which up to the present the 
author has not been able to realise. He has, however, shown that his 
device will work, and that one pendulum will govern that of the other 
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clock for some two years without trouble, and I consider that he has 
proved his proposition. This is not a mere paper invention full of 
ingenuity which, to use a common but erroneous expression, 1s all right 
in theory but in practice won’t work. In practice.it does work, and it 
does not appear to me to be as a corollary all wrong in theory. When 
any inventor breaks up new ground and brings to light new material of 
value he is apt to be shadowed by a host of minor inventors who very 
possibly may make some improvements in detail. In the present case 
it is certain that the comparatively small number of people who are 
interested in the production of tke perfect clock will see other ways of 
doing what Mr. Bartrum has done. In fact, each one, if he thinks about 
it, will probably devise two or three different ways, and among all these, 
bits here and bits there, may very well be combined to produce a more 
convenient design. But there is no particular merit in doing this; the 
merit is in the device which others seek to modify rather than in the 
modifications, Itis rare that there is so much merit in a parody as in an 
original composition. I wish to lay stress on this, because after seeing 
Mr. Bartrum’s clock I found it impossible to avoid thinking of other 
devices. These were mainly due to features in Mr. Bartrum’s design 
which I did not quite like. For instance, that against which my mecha- 
nical sense most rebelled was the labour imposed upon the slave pen- 
dulum of dragging round the timing wheel. I also disliked the idea of 
the springs and connections to the pendulum of the regulating gear. I 
feel that these impose such a burden on the slave pendulum as possibly 
to make regulation far more frequently needed than it would be if this 
pendulum were as untramelledas that of an ordinary regulator. In other 
words, that the pendulum is truly described as a slave rather than as a 
colleague. I wanted, therefore, to see if the regulator. clock could not 
be left just as free and undisturbed as any regulator, for in that case the 
problem of governing it should be simplified. For instance, there are 
86,400 seconds in a day, and an uncertainty of one second a day should 
not be possible in any such type of clock. A correction of rate of 1/80,000 
in round figures is all that can ever be needed to keep the colleague 
clock in order. Such a correction is effected by attaching to the pen- 
dulum rod half way down to the centre oi oscillation a weight of 1/10,000 
of that of the bob. In any one minute the cumulated effect of such a 
change of rate is about 1/1,400 second. If, therefore, a bicycle ball of 
convenient weight can be tipped into a hole in a sheli half way down or 
lifted out again we have sufficient correction for any possible variation 
of rate, and with this alone, which is Mr. Bartrum’s negative back lash, 
and no other correction at all, the necessary governing can be done, and 
never a 1,000th of a second divergence arise between the pendulums, 

In the master pendulum case, which it ought not to be necessary to 
visit more often perhaps than once in 20 years, there should be no pivots 
and no lubrication. The clock maker dotes on pivots, and here I think 
Mr. Bartrum has come unduly under his influence. I think the impulse 
could better be given by a weight resting upon an arm carried by and one 
with the pendulum on one side of the suspension spring, with en effective 
fall of precisely limited extent, and operating once a minute. An electro- 
magnetic device for holding this weight out of the wavy or for placing it 
in a defined position, so that it may be picked up by the rising arm and 
arrested in a lower position from the falling arm is easily designed, and if 
here a pivot should be found convenient it need not involve lubrication. 

The timing wheel and its operation is onc of Mr. Bartrum’s devices 
which I admire, but, together with the coun ting wheel, itcan be abolished 
altogether if the two pendulums are made synchronous in phase and kept 
so. In order to make such a method possible I would suggest that the 
escapement wheel of the colleague clock should make a relay contact 
when the clock ticks which should cause a spring supported plate below 
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each pendulum to rise into operative position and there be held for about 
one second, Each of these carrying a rod of Acheson graphite would 
then make contact with fine wires carried at the ends of the pendulums 
just as they pass their middle positions. These two contacts would one of 
them send a current to a racing relay if the other had not sent one first. 
Whichever one, therefore, won the race, and got in first, would cause the 
relay to send on the appropriate one of two currents, one to put the ball 
on the regulating shelf of the colleague pendulum and the other to take 
it off. The colleague clock would also make a contact in the pendulum 
plate in plenty of time to cause the impulse weight to be put in its place 
ready to be picked up by the master pendulum, and another one to 
elevate it out of reach when it had done its work. It seems quite un- 
necessary to describe the very simple electromagnetic devices needed. 

I should put a second pendulum plate near the end of the swing of the 
master pendulum, which the operator could lift for a couple of seconds 
once a day or once a month as found desirable, so that four successive 
contacts could be recorded on a chronograph from which the amplitude 
could at once be determined. Ishould also bring up two pipes from the 
bottom and the top of the master pendulum case to the observatory, 
where a pressure gauge would show the pressure, and so that if it were 
desired to regulate to a very small extent the rate of the master pendu- 
lum this could be dene by small variations of pressure, or better by passing 
to the bottom of the case a known quantity of dry hydrogen gas, or to the 
top of the case dry heavy gas such as CO,, so as to alter the donsity of the 
surrounding medium to a known but small extent. In normal times I 
could have made in a few days all that would be necessary to put these 
suggested modifications of Mr. Bartrum’s invention into practice, and I 
should certainly have done so, as the problem is to me one of very great 
interest, but it is not possible now to find time for such excursions, and so 
J have put these forward as suggestions only. J had hoped to have been 
able to make some experiments in contacts between Acheson graphite 
and tungsten or tantalum wires, using a number of specimens of these 
wires, which the British Thomson-Houston Company have kindly given 
to me for this purpose, but at present this has not been possible. How- 
ever, in these days contact difficulties are not what they were, if, indeed, 
they exist at all. The automatic telephone exchange and many other 
things would wholly fail if contacts were the bogey that they used to be 
considered, 

Mr. Duppe.r said that at the Paris Observatory there was a standard 
seconds pendulum in a chamber 60 ft. below the surface of the ground. 
The temperature was constant, and there were no pressure variations, 
as the pendulum was in a vacuum. It was driven electrically, and main- 
tained a perfectly constant rate, requiring no attention whatever. It 
gave a signal in a telephone every second. 

The Autor, in a communicated reply, said that he agreed that only 
experience could show ths. best amplitude to adopt. The President had 
pointed out that if the time-keeping conditions of the auxiliary clock 
were so good that its possible variations were small, the control of th= 
master pendulum might be limited to the imposition of two rates, respec- 
tively above and below the true rate. This, the author thinks, contains 
a valuable suggestion. He points out that the master having such 
limited influence over its colleague, these rates would require to be care- 
fully selected to avoid the danger of the colleague becoming beyond 
control. The further suggestion that the two pendulums should be 
maintained without difference of phase involves an electric contact being 
made by the master, an arrangement the author had been anxious to 
avoid from fear of its probable variability. If modern materials would 
enable such a contact to be made safely important simplifications could 
be effected. 
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VIII. The Effect of the Water-vapour in the Atmosphere on the 
Propagation of Electromagnetic Waves. By FREDERICK 
Scuwers; D.Sc. 

RECEIVED OctToBER 30, 1916. 

I propose in the following pages to discuss a point in connection 
with the propagation of electromagnetic waves in space. It 
seems well founded that the propagation of these waves is 
strongly influenced by the conditions of ionisation of the air ; 
yet a quantitative theory has not been established since the 
actual facts—namely the ‘change of intensity at the receiver 
from day to night, during solar eclipses, &c.—are not known 
with sufficient accuracy.* For the present, however, let us 
disregard the effect of ionisation and consider only the refrac- 
tion of these waves through the atmosphere. 

Suppose our sending and receiving stations are on the oppo- 
site shores of an ocean, so that they are separated by salt water 
only ; in this case, the energy sent from an antenna, as shown 
by Sommerfeld,t is propagated for the larger part in the form 
of space waves, and only in smaller part in the form of surface 
waves. 

Kiebitz { has made an attempt to calculate the influence of 
the atmosphere in refracting the space waves towards the 
surface of the earth. Considering a layer of air 1 km. thick, 
he found that the refraction produced in this medium of feeble 
dielectric constant is quite insufficient to bring all the spacial 
waves down to the surface of the earth ; it would thus appear 
that refraction through the medium air exerts but a small 
favourable influence on the intensity at the receiving antenna. 
Considering further the influence of moisture, Kiebitz found 
that it only increases the dielectric constant by 10 per cent., 
i.e. only toa small extent. In this last respect the calculation 
of Kiebitg seems to me quite erroneous. Without considering 
the experimental figures for the dielectric constant of water- 
vapour, he simply assumed that the expression of Clausius- 


Mosotti eed remains constant when passing from the 


liquid to the gaseous state. If we put for liquid water at 
T=293° k=81, we find for water-vapour at 293° and 760 mm. 
the value k=1-0022, and with this figure Kiebitz made his 
further calculations. 

* See E. G. Eccles, “ Jahrb. f. Drahtl. Telegr.,”? Vol. VIL, p-. 191 (1913). 


} “ Annalen der Physik ” (IV.), Vol. XXVIIL, p. 665 (1909). 
{ “ Jahrb. f. Drahtl. Telegr.,” Voi. VIL, p. 154 (1913) 
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As a matter of fact, it can easily be shown by a few examples 
that the Clausius-Mosotti formula does not remain constant 
when passing to another state of aggregation of a substance. 
For the gaseous state particularly, we find very high values 


f_k-11 : , : 
of A ( ee a), especially when the dielectric constant in the 


liquid state is already very high. The following table gives a 
few figures in this respect* :— 


TABLE L. 
| a de A liquid T. 
Deg. Deg. | 
Ethylaleohol ...... + 287-7 1-12 383-0 1:47 (Baedeker)t 
(| 185-4 1-01 eee, “a 
Acetone ............ {| 273-0 1-06 290-3 | 3-54 (Pohrt) t¢ 
{| 291-8 1-12 3823. 277°, 
288-0 1-35 291-4 3-40 (Baedeker) 
oes oe 292:0 | 3-29 , 
ae as 332-4 2-91 a 
Ammonia ......... mes a 335:1 | 2-88 A 
Be a 3568. 2-75 af 
368°3 | 2-67 oi 
abe aa 381-4 | 2-65 e 
“4 - 273-0 1-03 413-0 | 4-54 (Baedeker) 
|| 283-0 0-98 415-2 | 4:57 ae 
Wratericn cee escncs | age eee 416-2 | 4-39 a 
418-8 4-16 55 
4216 | 390 ° 


The A-values for water and ammonia in the gaseous state 
are plotted on-diagrams I. and II. Ammonia is interesting as 
compared with water, since the values extend over a much 
wider range of temperature. Baedeker states that in both 
cases experiments could not be made at lower temperatures 
because of the conductivity of the gas ; in fact, we notice that 
for water as well as for ammonia the two first values are some- 
what off the general curve. 

If for water-vapour we extrapolate down to 7=293°, by 
assuming the straight line given by the diagram, we arrive at 
A=16-45, which gives k=1-037 for 760 mm., thus much more 
than the previously calculated figure 1-0022. It must be ad- 
mitted that such an extrapolation is hazardous ; there is every 


* We consider the values of k for large A, thus practically for \ 0. 
+ ‘‘ Zeitschr. Phys. Chemie.,” Vol. XXXVI, p. 308 (1901). 
+ ‘ Ann. der Physik,” Vol. XLII, p. 569 (1913). 
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reason to believe that the temperature function of A runs, not 
according to a straight line, but according to a curve, the con- 
vexity of which is turned towards the abscissa, as in the case 


4 


: dA . 2 
of ammonia vapour. For the latter ay increases from. 0-005 


412° 414° 416° 418° 420° ADD eds 


DIAGRAM 1.—VaRIATION oF THE CLAUSIUS-MogoTTI EXPRESSION (A) FOR 
WATER-VAPOUR AS A FUNCTION OF THE TEMPERATURE. 


3-4, 


3-2 


2 


6 
280° 300° 320° 340 360° 360s 


Diagram I.—Varration or THE Cravsrus-Mosorrt EXPRESStON (A) 
FOR AMMONIA-VAPOUR AS A FUNCTION OF. THE TEMPERATURE. 
to 0-012 for a temperature decrease of 90° only. Yet, since we 
have no means of ascertaining from the present data the accu- 
rate shape of the curve in the case of water-vapour, we shall 
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admit our straight-line extrapolation, without forgetting that 
the values of the dielectric constant thus obtained are almost 
certainly too low. 

Let us now calculate the refraction undergone by electric 
waves in the atmosphere. Consider above the earth a layer 
of air having the height h. In order that the waves may follow 
exactly the curvature of the earth, the front ab, which is normal 
to its surface, must be displaced so that cd be also perpendicular 
at the point d (see Fig. 1). 


Surface of _, 
the earth. 


Hies 1: 


Ii we put r=the radius of the earth (mean— 6366-2 km.), 


this condition will be satisfied if the relative relatos are 
ac 


as a or, as Kiebitz puts it, as wore 3 

We must now assume certain definite and regular conditions 
of the atmosphere—as far as possible the mean conditions that 
prevail. We suppose, as stated before, that the sending and 
receiving stations are separated by an ocean and that at sea- 
level (f,), the pressure is 760mm. Ath, we can admit succes- 
sively different temperatures according to the latitude. For 
the change ot temperature with increasing h it is somewhat 
difficult to take an average value. I propose to consider a 
rather small positive temperature gradient for the first kilo- 
meter, say a decrease of 0-2 deg. for every 100 metres, on 
account of the fact that there is sometimes a negative gradient ; 
in the second and third kilometre I propose to consider larger 
values of the gradient, say 0-5 deg. and 0-55 deg. respectively. 

The relative humidity of air above the oceans will be put 
at 80 per cent.* For example, at 295° 1 kg. of moist air con- 
tains 19-53 gr. of water-vapour, when completely saturated ; 
on our hypothesis it will contain only 15-62 gr. (or 0-01562 kg.). 
From the known relation 0-623e/760—0-377e=0-01562 we 
deduce the value of the vapour pressure e as 18-82 mm. 


* Hann, loc. cit., p. 234. 


154 DR. SCHWERS ON 


For other values of h, the water vapour pressure diminishes: 
above the oceans according to Suering’s empirical formula * > 


h h 

apze,10.% j 0), In the case just considered (temp. 298° 445, 
at h=0) this would give for h=1 km., the value e,= 
12-52 mm., corresponding to 11-53 gr. water-vapour in Ikg. 
of air. At this height the temperature would be 296°-0 (tem- 
perature gradient 0-2°) and the total pressure P, calculated from 
the well-known formula: log 760/P = h/18,400(1 +-at) (1+ 
0°377 e/P) would be 677-9 mm. Hg. Under such conditions of 
temperature, moisture and pressure the density of air is 
0-001173 at 298° and 0-001056 at 296°. For other values of 
we get the figures indicated in Table II. 


TaBe II. 
| | Specific | Density A k 
Ly Ah Re P e mois- (moist (H,0 (moist 
| ture. air). vapour). air). 


Deg. : 

0 298-0 | 760-0 | 18-82 | 15-62 | 0-001173 16:00 | 1-001407 
0-5 | 297-0 | 719-9 | 15:47 | 13-53 | 0-001114 | 16:09 | 1-:001230 
1:0 | 296-0 | 677-9 | 12°52 | 11:58 | 0001056 | 16-18 | 1-001070 
2:0 | 292-5 | 6035 | 8-11 8-43 | 0-000954 | 16-50 | 1-:000830 | 
30 | 287-0 | 5363 | 5-01 5-84 | 0-000863 | 17-00 | 1-000650 


Let us now consider the dielectric constant. For dry air 
we have k=1-000590 + at 298° and 760mm. For other tem- 
peratures and pressures within the range we have to consider, 
it has been shown that 4 remains absolutely constant. Thus: 
the value of A for air (dry) will be put 0-152 in all cases. By 
means of the formula for binary mixtures,} we can calculate 
the value of the dielectric constant of air with 80 per cent.. 
moisture at 298° and 760mm. We get 


k—1 1 
k-+2°0-001173 
From this we find k=1-001407. If we calculate in the same- 
way for other values ot h, we get the figures of the last column 
of 'Table II. As just said, we may use a constant value for 
air (0-152); but for water-vapour we must take the values. 
from the extrapolated curve, which are to be found in column 7. 


=0-152 x 0-98438 +16-0 x 0-01562. 


* “ Wissensch Luftschiffahrten,” Vol. II, p. 157 (1900). 

+ Boltzmann, “ Pogg. Ann.,” Vol. CLV., p. 403 (1873), and others. 

1 See Graetz, ‘‘ Handb. der Elektr. u. des Magn.,” Vol. I. (2), p. 175 
(formula 81). 
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_ We have now to calculate, taking k=1-001407 for the at- 
mosphere at sea-level, what must be the values for different 
h’s in order that the whole of the electromagnetic waves 
may be refracted along a curve corresponding to that of the 
earth’s surface. Admitting that k is the square of the electric 
refractive index, we have that the velocity of propagation ex- 
pressed in km. is equal to the velocity in vacuo divided by 
= 3°10-° 3-10-° 
V4, thus ¥v/(1-001407) °* 1-0007035 12 2=°- 
For any other value of h we have 
aO-* 
6366-2 10007035. -W/i, 
6366-2+h  3-10-° — 1-0007035" 


Ii we calculate /k, for the values of h considered and take 
the square, we get the figures under k’ in Table III. 


TaBie III. 
h | k k’ k'—k 
0 1-001407 | [1001407] & 
0-5 1-001230 | 1001250 +0-000020 
1-0 1-001070 | 1.001092 | +0-000022 
2-0 1-000830 1000778 «| —0-000052 
3-0 1-000650 1000464 —0-000186 


We see that the figures under k, representing the actual di- 
electric constant, are first lower then higher than the figures 
under k’. If we put the difference between f and X’ as ordinates 
and h as abscissa, the maximum of the curve will correspond 
to the height below which all waves are refracted towards 


the earth. This can be done accurately by calculating _ 
which is found to be equal to a (=31-4< 10), for h= 


0-825 km. 

The calculatien can be repeated for other initial temperatures ; 
e.g.,if we start from 7=296°, we get the values of Table IV. 
The thickness of the layer in which the refraction is such as to 
give waves directed towards the surface of the earth is only 
about 350 metres under these conditions. Thus we rapidly 
reach a temperature for which only the air layer directly above 
the water refracts the whole amount of the electromagnetic 

VOL. XXIX, N 
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Taser LV. 
- | iSpecific Aa a 
h'| T°k| P | e >| mois-| moist water | moist k’ 
| | | ture. | air. vapour. | air. | 


Sj 


0 | 296-0| 760-0 16-68 13-79 0-001183 | 16-18 1.001325 [1-001325] 


0-5) 295-0| 717-6) 13°76) 12-05 (0- 0011122 16:27 | 1-001166; 1:001167 
1-0) 294-0} 677-3 | 11-09 10-29 /0- 001063 | 16-36 | 1:001017) 1001010 
2-0} 290-5 602-7) 7: 19) 7-50 0-000956 | 16-67 | 1000791 1-000675 


i ' i 
_ — — 


waves -towards the earth. Assuming that the results calcu- 
lated would exactly correspond to the reality, we could state 
‘that in the tropical and subtropical regions, where the tem- 
perature of the atmosphere close to the water remains above 
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Duacram UI.—Dirrerence K’—K at Dirrerent Hereuts (fh 1n Kino- 
METRE) AND FOR DIFFERENT TEMPERATURE CONDITIONS. 
292°--293°, the conditions of the lower layers are such that the 
totality of the waves are refracted downwards. Thus we come 
to the conclusion that the electric “ space ” waves, instead of 
being lost for the major part before they reach a distant re- 
ceiving antenna—as it was thought by Kiebitz—can, under 
favourable conditions, be totally refracted downwards ; and 
under less favourable temperature conditions the greater part 

of them still reaches the receiver. 

But the actual figures arrived at can ony be approximate, 
for (a) they depend upon the rather uncertain value of & 
for water-vapour ; (5) they refer to ideal conditions, without 
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regard to local changes (temperature, wind, clouds, rain, &c.). 
With regard to (a) it may again be emphasised that by em- 
ploying a larger k-value for water-vapour—which would very 
likely better correspond to reality—the area above the oceans 
in which electric waves are totally refracted would extend to 
the temperate, and possibly even to arctic regions. With 
regard to (6) the discussion of local conditions would lead us 
to rather vague results as long as the point (a) is not settled ; 
at any rate, it would only be worth while discussing the in- 
fluence of local factors in connection with actual experi- 
mental data, which are lacking at present.* 

Yet certain general conclusions can already be drawn ; e.g., 
since the average temperature above the oceans varies by less 
than 1° within 24 hours, the changes of intensity observed at 
the receiver, when comparing day with night, can hardly be 
the result of changes of the temperature and corresponding 
variations of the hygrometric state of the atmosphere. 

Similar calculations could be made for the propagation of 
electric waves above the land. In this case the prismatic 
effect of the atmosphere is less important, since the relative 
amount of “ space” waves is smaller (see Sommerfeld, loc. 
cit.). We shall not attempt any general calculation, because 
the temperature and other physical conditions are far less 
constant than above the oceans. 

In conclusion, I think that, next to the ionisation of air, the 
variation of its electric refractive index—due principally to its 
hygrometric state—constitutes an important factor in the pro- 
pagation of electromagnetic “ space ” waves and the intensity 
at a receiving wireless station. 


ABSTRACT. 


The author discusses the probable influence of moisture in the 
atmosphere on the refraction of electromagnetic waves round the 
earth’s surface. The conclusion of Kiebitz that the presence of 
moisture does not affect the dielectric constant by more than 10 per 
cent. is shown to be erroneous, being based on the assumption that 


: f : k—1 1 
the Clausius-Mossoti formula, oe qa constant, holds when passing 


from the liquid to the gaseous state. Examples are quoted to show 


* A serious effort to set up regular and accurate measurements in con- 
nection with wireless telegraphy has been started recently by an inter- 
national committee, known under the name ‘“ Télégraphie sans fil scienti- 
fique ” (T.S.F.S.), which has its central seat in Brussels. It had hardly 
started its activity when the work was interrupted by the war. This Paper 
is part of the work I have done in that laboratory, with a grant from the 
“‘ Institut International de Physique Solvay,” which I gladly acknowledge. 
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that this law fails in many cases, especially where the dielectric con- 
stant is high in the liquid state. 

In the absence of more accurate data for ordinary temperatures, 
the author prefers to assume a value for the dielectric constant of 
water vapour obtained by extrapolating the results obtained by 
Baedeker for higher temperatures. The extrapolated value is almost 
certainly too low. 

From this result, and the average conditions of the atmosphere 
over the ocean with regard to temperature gradient, &c., deduced 
from meteorological data, it is shown that the lowest layers of the 
atmosphere (1,000 to 1,500 metres approximately in depth) refract 
electromagnetic waves towards the earth, so that the greater part of 
the space waves will reach the receiver, contrary to the conclusion 
of Kiebitz. 


DISCUSSION. 


unaware of their existence, does not refer to the somewhat numerous 
upper air data which have been published in this country by the Meteoro- 
logical Office. A study of these data as to the temperature gradients 
would I think, have proved useful. Inversions aré not confined to the 
lowest layers, but in these layers they are exceptional, and do not suffice 
to reduce the average temperature gradient to such low values as the 
author has taken for the first and second kilometres, For these, 5 deg. 
or 6 deg. per kilometre would not have been too high, especially for 
tropical regions. If the empirical exponential formula for vapour 
pressure. be assumed, the pressure at any given height varies directly with 
that at ground level, and so in temperate latitudes is much lower in 
winter than in summer, It thus seems rather a fundamental point 
whether wireless phenomena in temperate latitudes show a marked 
annual variation corresponding with that of vapour pressure at ground ~ 
level. 

The AutHor, replying to Dr. Chree, said: A temperature decrease of 
5 deg. to 6 deg. in the first kilometre may be or may not be more accurate 
than the decrease of 2 deg. which I have proposed; the scanty available 
observations above the oceans only allow us to state that both figures 
are probable values for the yearly average of the temperature gradient. 
If there were serious reasons to prefer the figures proposed by Dr. CO. 
Chree, it would simply mean that the height of the air layer within 
which total refraction occurs is smaller than it appears from any calcula- 
tions ; but the order of magnitude of the phenomenon remains the same. 
The question of an inversion of the temperature gradient in upper 
atmospheric layers has not been considered in this connection. For 
large h’s the waves are bent apart from the surface of the earth (see my 
calculations), and even a strong negative gradient is not likely to deter- 
mine the bend in the other direction. It would be very intesesting to 
verify how far a relation between vapour pressure and annual variation 
at a wireless receiver—as well as many other relations—is verified by 
actual observations. But, as far as the wireless phenomena are con- 
cerned, there are practically no data available at present. At the eve of 
starting such measurements it was precisely interesting to try to find out 
which could possibly be the meteorological factors most likely to affect 
the propagation of electromagnetic waves; and whatever may be 
disputed now or later with regard to the actual numbers given in my 
Paper, I think it will remain true that the amount of water vapour 
present in the atmosphere is one of the important factors. 
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